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Abstract

This paper revisits equilibrium selection in forward-looking models by relaxing
the standard assumption of perfect memory. Agents have limited memory but
retain model-consistent rational expectations. This small friction makes backward-
looking dynamics non-explosive and leads to a continuum of bounded equilibria,
each expressible as a convex combination of the pure backward-looking and pure
forward-looking solutions. A stochastic sunspot shock & la Ascari et al. (2019)
determines the evolving weight on these components, pinning down the equilibrium
path. We embed this mechanism to a standard consumption-based asset pricing
model and show it can replicate key asset pricing facts, including momentum, a weak
correlation between prices and fundamentals, and procyclical stochastic volatility.
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1 Introduction

Most modern macroeconomic (and asset pricing) models features forward-looking vari-
ables and rational expectations (RE). In this case, equilibrium dynamics depends on
expectations of future variables, generally implying the existence of multiple equilibria,
that is, an infinite number of RE trajectories. Depending on the properties of the un-
derlying dynamic system, these trajectories may be either explosive or stable. Following
the introduction of RE by Muth’s (1961) seminal contribution, therefore, the literature
confronted the problem of how to select a particular equilibrium from among the many
possible ones.! The debate was settled by ruling out instability for ensuring internal
coherence in economic models and economically meaningful equilibrium paths. The sta-
bility criterion led to the dominance of saddle-path dynamics as the standard framework
in macroeconomics. In such dynamic systems, among the infinite RE equilibria, only
one trajectory is stable. Thus, the stability criterion suffices to uniquely determine the
acceptable RE path. Blanchard and Kahn (1980) provides the formal solution algorithm
to implement this insights. This equilibrium-selection mechanism is standard practice
in macroeconomic and asset-pricing models and is central to shaping their dynamic be-
haviour.

However, the divergence of the RE paths in a saddle-path equilibrium hinges on the
strong and admittedly unrealistic assumption that agents have perfect recall of all past
shocks, so that the backward-looking component of the RE solution is explosive (see
Blanchard, 1979). This standard assumption is not only conceptually implausible but
also rejected by both empirical and experimental evidence (see e.g., Jonides et al., 2008).
Indeed, the limited memory assumption has been embedded in the recent macroeconomic
and finance literature (see Section 1 for a brief review).

This paper investigates how equilibrium behaviour changes when we relax the full
memory assumption by allowing the agents to forget shocks from the distant past, while
retaining rational expectations in the sense that expectations remain model-consistent.
We show that, once we perturb these assumptions, the backward-looking solution be-
comes non-explosive and can no longer be ruled out by the stability criterion. As a
result, the saddle-point system admits infinitely many bounded equilibrium trajectories,
each corresponding to a different weight on backward-looking versus forward-looking so-
lutions. In other words, the model’s solution set expands from one pure forward-looking
equilibrium to a continuum of mixed equilibria.

Our analysis proceeds in two main steps. First, we perturb the original rational

I Contributions by some of the most prominent macroeconomists of the time as ,e.g., Sargent and
Wallace (1973), Brock (1974), Phelps and Taylor (1977), Taylor (1977), Blanchard (1979) show the
relevance of this debate in the literature following Muth (1961). As Blanchard and Watson (1982,
footnote 1, p. 27) put it: “This indeterminacy arises [...] in all models in which expectations of future
variables affect current decisions. It is the subject of much discussion currently in macroeconomics, under
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expectation formulation (Muth, 1961) by inserting an exponentially decaying memory
parameter into the expectation operator.? We show that there is an infinite number
of bounded solutions, each expressible as a convex combination of the pure backward-
looking and pure forward-looking solutions. The convex weight captures the degree of
backward-lookingness in expectations, setting this weight to zero nests the standard ratio-
nal expectations equilibrium. Second, we allow this weight to evolve over time according
to a sunspot process following Ascari et al. (2019).> This sunspot shock has an appealing
economic interpretation as it generates a time-varying expectation formation process. In
other words, it generates changes over time in the way the agents weight past data to
calculate their expectations, so that the backward-looking behaviour can vary over time
— at some dates expectations lean more on recent history, while at other dates they revert
toward the forward-looking benchmark. Because the weight on backward-lookingness can
rise or fall on these sunspots, the model naturally switches between equilibria with more
or less persistence.

Despite its minor theoretical deviation from the standard rational-expectations frame-
work, our model’s solution exhibits two key features. First, even if long-term expectations
(and solutions) remain stable, our solution can generate different degrees of backward-
lookingness and intrinsic persistence. Second, the drift in the weight interacts with the
fundamental shocks in a multiplicative way, generating both a time-varying parameter so-
lution and endogenous stochastic volatility. These features help explain irregular patterns
in macroeconomic and financial data — such as persistent cycles and time-varying volatil-
ity — that standard rational-expectations models and many other expectation-formation
approaches struggle to account for. We illustrate the framework’s empirical relevance

using an application to asset pricing.

Asset-Pricing Application. Our framework is particularly well suited for exam-
ining asset-pricing behaviour. Recent data reveals that investor expectations tend to
be extrapolative, in the sense that their survey return expectations are based on the
past price history (Greenwood and Shleifer, 2014). This paper uncovers a novel fact
that this extrapolative behaviour varies over time (see Figure 2 and Section 6.4), that is
the way investors map observations to expectations seems to be time-varying. Standard

consumption-based asset-pricing models typically assume fully forward-looking forecasts

2We also investigate the case where the agents subject to finite memory, i.e., a past data point does
not influence agents’ expectations after a given period of time.

3Ascari et al. (2019) generalizes RE solutions to accommodate temporarily unstable paths. They
build solutions that randomly jump between all the admissible RE paths, both stable and unstable.
There is an important distinction between their framework and ours. In their framework, time variation
in the solution allows temporary walks on unstable RE trajectories, and they thus need to impose an
exogenous force for the system to eventually converge to the unique stable solution. In our framework,
instead, the limited memory assumption provides such stabilizing force and the expectation will never
explode.



and therefore cannot generate the kind of inertia and time-dependent sentiment shifts
we observe in the data. In contrast, our framework allows agents to place time-varying
weight on recent and past shocks when forming return forecasts.

To show the relevance of our methodology, we embed our limited-memory mechanism
into a standard consumption-based asset-pricing model with Epstein and Zin (1989)
preferences and a small long-run risk in consumption and dividends (similar to Bansal and
Yaron (2004)).* This small modification helps reconcile the model predictions with key
empirical regularities. First, by introducing our mechanism into the model, we introduce
backward-looking inertia into investors’ expectations of future price-dividend (PD) ratios
(when the weight on the backward-looking component is non-zero). In practice, this
means that when the recent PD ratio is high, investors extrapolate momentum and expect
future PD ratio to remain elevated, which leads to a higher PD ratio today. Thus,
backward-looking inertia endogenously generates momentum in PD ratios, giving rise to
boom-and-bust cycles. Moreover, since prices can deviate from fundamentals through
these expectation movements, the model produces a relatively weak correlation between
PD ratios and underlying fundamentals — thereby resolving the correlation puzzle.

Second, as the weight on the backward-looking component can drift over time, our
model endogenously generates both a time-varying equity premium and stochastic volatil-
ity. In particular, our mechanism affects the equity premium through two channels. First,
fluctuations in the backward-looking weight introduce a new, non-fundamental source of
uncertainty. As this weight changes, it carries risk that investors must be compensated for,
raising the equity premium above what fundamental shocks alone would imply. Second,
the backward-looking weight enters the equilibrium pricing equations multiplicatively.
As a result, when that weight is high, the impact of past prices on expected returns
is amplified; when it is low, the impact is dampened. This non-linear interaction pro-
duces endogenous stochastic volatility: periods of high backward-looking weight coincide
with greater asset-return volatility. Crucially, this endogenous volatility is procyclical,
increasing when asset prices are high — a feature absent in models that impose exogenous
volatility processes (for e.g., Bansal and Yaron (2004)).

Based on a simulated method of moments (SMM) approach, the model quantitatively
replicates a host of key asset-pricing features, such as the high average equity premium
and the excessive return volatility documented in the data. It also replicates the strong
autocorrelation of PD ratios without yielding counterfactual high-level correlation be-
tween returns and fundamentals. Moreover, our model generates countercyclical realized
excess returns — when PD ratios are elevated, subsequent returns tend to be lower — while
still producing procyclical expected excess returns, capturing investors’ extrapolative be-

haviour observed in surveys. Taken together, these results demonstrate that allowing

4The Epstein-Zin preferences and long-run risk component are not essential for our main theoretical
results but improve the quantitative fit to U.S. data.



limited memory and time-varying expectations within an asset-pricing framework can
reconcile canonical models with the intrinsic persistence, momentum effects, and time-

varying volatility observed in financial markets.

Related Literature Our theoretical framework connects to three broad strands of
research. First, theoretically, it relates to literature that exploits the existence of an
indeterminate set of equilibria as a means of understanding macroeconomic and finan-
cial data (see Benhabib and Farmer, 1999, for a review). In that large body of work,
indeterminacy typically emerges from economic frictions such as market imperfections or
Taylor-rule violations (see, e.g., Benhabib and Farmer, 1994; Farmer and Woodford, 1997
Clarida et al., 2000; Bullard and Mitra, 2002; Castelnuovo and Surico, 2010; Castelnuovo
and Fanelli, 2015). By contrast, in our model, indeterminacy arises purely from informa-
tion frictions: when agents have limited memory, previously explosive backward-looking
branches become admissible. To select among these multiple equilibria, we also introduce
a sunspot shock, as in Ascari et al. (2019), so this sunspot is a multiplicative sunspot,
rather than an additive one as usual in the literature (see also Dave and Sorge, 2021).

Moreover, our approach relates to a growing literature that embedding finite memory
into macroeconomic and finance models, as, e.g., Woodford (2018), Angeletos and Lian
(2021), Azeredo da Silveira and Woodford (2019), Bordalo et al. (2020), Wachter and
Kahana (2024).

The theoretical framework also relates to literature on alternative expectation-formation
rules that generate backward-looking or history-dependent dynamics. One approach is
learning (Evans and Honkapohja, 2001), which endows agents with learning rules in
place of rational expectations to update expectations using past observations. Evans and
Honkapohja (2001) and Honkapohja and Mitra (2003) present early analysis of learning
with limited memory. The modelling approach pursued in this paper differs fundamen-
tally from these ones just discussed, in the sense that our model maintains fully rational,
model-consistent expectations. We compare our expectation updating rule with updating
rule of learning in Section 2.1.

Since we apply our methodology to asset pricing, our work connects to the litera-
ture on variants of consumption-based asset pricing models (CAPM). Standard CAPM
models under rational expectations struggle to explain key empirical patterns, such as
the recurring booms and busts in financial markets or the observation that survey-based
measures of excess return expectations are virtually unrelated to dividend growth yet
strongly positively correlated with price levels (Greenwood and Shleifer, 2014). These
challenges add to other well-documented puzzles, including the equity premium puzzle
(e.g., Mehra and Prescott, 1985) and excess asset-price volatility (e.g., Shiller, 1981),
that pose significant challenge on the standard RE models. A large literature proposes

alternative expectation formation processes that deviate from full rationality to explain



these phenomena (see, e.g., Brock and Hommes, 1998; Lansing, 2010; Branch and Evans,
2011; Chakraborty and Evans, 2008; Adam et al., 2016, 2017).

Two closely related papers are Branch and Evans (2010) and Nagel and Xu (2021).
Branch and Evans (2010) propose a learning-based model in which agents switch between
underparameterised forecasting rules based on relative forecast performance, generating
multiple equilibria. As in their work, our model also features for multiple equilibria.
However, the source of multiplicity differs fundamentally. In our case, it stems from the
indeterminacy introduced by limited memory, rather than from agents’ rule selection or
model uncertainty. Nagel and Xu (2021) study asset pricing in a framework where agents
learn about dividend growth using Bayesian updating with fading memory. The resulting
perpetual learning generates persistent wedges between subjective and objective beliefs
and induces substantial long-run uncertainty. While their memory assumption is similar
to ours, our model does not feature learning. Instead, we retain model-consistent rational
expectations but impose limited memory, which gives rise to multiple admissible equi-
libria. The “gain” parameter in our framework captures switches across these equilibria,
rather than the pace of belief updating (see Section 2.1).

The structure of the paper is as follows. Section 2 features a simple example to ex-
plain our approach to modelling limited memory and time-varying expectations. Section
3 describes how we incorporate the time-varying expectation formation process in the
Bansal and Yaron (2004) asset-pricing model. Section 4 derives analytical results that
explain the model potential to replicate the dynamics of the PD ratio and the equity
premium. Section 5 describes the data sources and the estimation method. Section 6
discusses the quantitative results and the comparison with the model in Bansal and Yaron

(2004). Section 7 presents some robustness checks. Finally, Section 8 concludes.

2 Limited Memory and Time-Varying Expectations

This section presents our approach to model expectations. It modifies the standard
RE assumption by introducing two features: 1) limited memory; 2) time-variation in
expectation formation as in Ascari et al. (2019).

We use a simple forward-looking equation to explain the basic intuition

Yy = OBy + &4, (1)

where ¢, is an i.i.d shock ~ N(0,02) and E; y;+1 = E(y¢+1]|Z;) is the expected value of ;4
conditional on the information set at time t. Here &, can be interpreted as the asset’s
dividend and y; as its price.

Any forward-looking equation as (1) implies a fundamental degree of freedom, and an

infinite number of solutions, because one can find an infinite number of pairs (y;, E; 441)



that satisfy it. To see this, recall that Muth’s (1961) RE seminal idea assumes agents form
their expectations so that the expected forecast error cannot be systematic or predictable,
i.e., E;1(n) = 0, where n, = y; — E;_; y; is the forecast error. The RE requirement,
however, is generally not enough to pin down a unique solution, as it is evident by

rewriting (1) using conditional expectations & = E;(y;y1) as

G=0" (&G —e+m). (2)

Any process n; such that F;_1(n;) = 0 defines a different solution to (2).” Any forecast

error of the form
Ny = bey + Gt (3)

then yields a RE solution, where (; is a mean zero non-fundamental /sunspot disturbance,
uncorrelated with the fundamental one. Equation (3) shows that there are two main
degrees of freedom in the admissible solutions: the parameter b and the disturbance (;.
The point was evident in Muth’s (1961) original formulation that looks for solutions
for equation (1) expressed as a weighted sum of past, current and expected future values

of the structural shocks (hence, abstracting from sunspot disturbances)
o0 [e.9]
Yt = Z Ujét_j + b€t + Z Cj ]Et 5t+j7 (4)
j=1 j=1

where u;, b and ¢; are coefficients to be determined. Plug (4) back into (1), and use the

undetermined coefficient method to derive the set of admissible solutions as

00 1 o 00 1
Y = (b — 1) Z @Etfj + bEt + bz 6’ Et Et+j = (b — 1) Z @2’:}7]’ + bSt, (5)
j=1 J=1

Jj=1

given that E,e;; = 0,Vj > 0.° Equation (5) shows that all the infinite solutions of
equation (1) that are a function only of the history of the structural shocks can be
parameterized by a free parameter b € (—oo,+00). A particular value of b defines a
particular solution. Following the terminology used by Blanchard (1979), two important
solutions often considered in the literature are: (i) the pure forward looking solution
corresponding to b = 1 : y!" = &;; (ii) the pure backward looking solution, corresponding
tob=0:y=-3""0"7_;=0"(y’, —e1). Moreover, Muth (1961) stressed that

b has a natural interpretation: it defines the way agents form their expectations. This is

50ne could interpret the error of expectations 7; as a martingale difference process, and the re-
quirement of a zero expected error simply implies that the solution is characterized up to an arbitrary
martingale.

SWithout loss of generality we assume that expected future shock are zero. Appendix A contains all
the derivations for the equations in this Section.



easy to see by writing the implied expected value of y;,1 at ¢ as (assuming b # 0)

Bty = (b—1) i (%)Z Yrr1—is (6)

=1

which shows that agents combined past value of the observable variable, {y;, ys—1, y¢—2, - - -},
to form their expectation about its future value, E; y,,1.” The weights on past values are
determined by b. First, b measures the extent to which past observations matter for ex-
pectations in absolute terms. If b = 1, for example, past values have no effect; this is
the forward-looking solution. Second, b determines the relative weight (i) put on the
past data when agents form their expectations. Hence, any given value of b pins down a
particular way that agents combine past data to form their expectations, thus leading to
one particular RE solution.

In other words, there is a multiplicity of solutions satisfying the rationality condition,
meaning that additional conditions must be placed in order to pick a unique equilib-
rium. Blanchard and Kahn (1980) famously proposed the stability (i.e., boundedness)
of the solution as such a condition. In the case where # < 1 and the agent has full
information and retains full memory of the past history of the shocks (i.e., the agent
knows h' = {e;,,_1,...}), the backward-looking component in the solution (5) is ex-
plosive. Therefore, the stability condition pins down the pure forward-looking solution

(corresponding to b =1, y; = &4, E; ;11 = 0), which is indeed the unique bounded one.

1. Limited Memory. We twist this framework and deviate from the usual RE in one
fundamental way. As in Muth’s (1961) original formulation, we look for solutions for
equation (1) expressed as a weighted sum of past, current and expected future values
of the structural shocks, but we assume limited memory. We investigate two different
specifications of limited memory: (i) finite memory; (ii) decay memory. In both cases,
we assume that the agent does not internalize the memory constraints, that is, the agent
at t does not anticipate that at time ¢ 4 1 she will experience some loss of memory of the
data known at time .

(i) Finite Memory. We assume the agent remembers the past structural shocks only
up to T period ago. In other words, a past data point does not influence agent expecta-
tions after an extended period of time. Under this specification, the expectation can only
condition on a subset of structural shocks in the past: I; = {e;,e1-1,..., 6741, 67}

Then, denoting the expectations under limited memory as E, we guess the solution has

"One of the purpose of Muth (1961) original paper is to write the expectation at time ¢ as an expo-
nentially weighted average of past observations - as in the adaptive expectations or constant gain learning
framework - because he showed in a previous paper - Muth (1960) - that, under some assumptions, this
is the optimal estimator.



the following formulation

T fe’e)
Y = Z ujer—; + bey + Z cj]EtetH. (7)
j=1 j=1

The above equation (7) is similar to equation (4) but with an additional memory con-
straint. Using as before the method of undetermined coefficients to find the parameters

u;, b and ¢; consistent with a solution as (7) yields

T 00 T
1 _ 1
(b—1) E:e_tj+b5t+bg Vet = b_lze_tj_l'bgt’ (8)

7=1 7j=1

that mirrors Muth’s equation (5), and again admits infinite solutions parameterized by
b.

(ii) Decay Memory. We assume the agent progressively loses memory of past
structural shocks at a rate A, that is, historical data’s influence on expectations gradually
fades over time as it recedes into the past. The solution conditions on the decayed
memory of structural shocks in the past: I; = {&;, Aey_1, A\%6;_o,...}. Following Muth

(1961)’s formulation, we are going to look for a solution where (4) becomes

Y = Z Uj)\jéft_j + b€t + Z CjEt5t+j7 (9)

J=1 J=1

The undetermined coefficients solution has a similar form as (5) but with a constant

decay rate on past shocks.

< /A2’ <
yt:(b—l)Z(E) 5t—j+b5t+bzejEt5t+J_ (b—1) Z( ) e +ber, (10)

j=1 j=1 =1

Despite these apparently minor differences with respect to the original RE formulation,
the assumption of limited memory has a major implication for the stability property of
the differential equation (1). Under limited memory, the backward-looking solution might
not be explosive anymore even in the case where § < 1. Hence, any linear combination
(i.e., any given b) of the backward and forward-looking solutions is an admissible solution
according to the stability criterion of Blanchard and Kahn (1980) . The original pure
backward looking solution, corresponding to b = 0, is now equal to y® = — Zle 0 e,
from (8) in the finite memory case or to y” = — 377, (3) er—;j from (10) in the decay
memory case. In the former case, y7 is always bounded. In the latter case, where \ > 6,
yP is explosive so that the stability criterion pins down the unique stable solution, which
is the forward-looking one, i.e., b = 1. In the case where \ < 6, however, the Blanchard

and Kahn’s (1980) stability condition can no longer select a unique solution, because



(10) is always bounded for any value of b. It follows that, in the finite memory case
or whenever the degree of memory decay is sufficiently high in the decay memory case,
the original problem of the multiplicity of solutions remains, even when the RE solution
would be saddle point stable, i.e., # < 1. As a result, b is no longer constrained by the
stability condition, and thus can take any value.

In the limited memory case, b has the same interpretation as in RE: it pins down a
particular way that agents combine past data to form their expectations. In the decay

memory case, for example, future expectation obeys

_ > /1\"
Eiyep1 = (b—1) Z (%) Ny, (11)

=1

which carries the same intuitive interpretation as equation (6), though now agents form
their expectations conditional on a fraction of past observations, i.e., I, = {y;, Ay;_1,
Ay o,...}. As b is not constrained to be equal to one by the stability condition, past
observations matter for expectations even in the case pure forward-looking equation as
(1). The value of b would determine how agent maps discounted past observations to
form their expectations. Given that b is now a free parameter, this raises the following
question: how to deal with the limited memory assumption since there are many (or

infinite) admissible bounded solutions?

2. Time-varying Expectation Formation Process. As in the macroeconomic lit-
erature on indeterminacy, we appeal to the existence of a sunspot shock to choose one
among all these stable paths. Following the approach in Ascari et al. (2019), we assume
that b; is time-varying, so that b; follows a random walk, b; = b;_1 + 0§, with & ~
i.i.d N(0, 1), being the sunspot shock. This assumption is convenient and has a natural
interpretation. As said above, there is an infinite number of possible ways agents could
combine (the memory of) past observations mimicking the RE. All of them are admissible
and they are parameterized by b;. The sunspot shock hence captures the fact that our
agent can change over time how to combine past data to form her expectations. Any
given value of b, picks up a particular solution. Two brief comments follows. First, as
explained by Ascari et al. (2019), this sunspot is a multiplicative sunspots, rather than an
additive one. Hence, it generates both a time-varying parameter solution and endogenous
stochastic volatility. Second, this setup encompasses the standard RE equilibrium as a
special case, corresponding to b; = 1, V.

Therefore, the solution is randomising among different admissible stable equilibria.

Appendix A shows that under these assumptions, in the finite memory case the solution



with time-varying expectations is

. ‘
1 J
=2 (5) (be — L)er—j + bees (12)
j=1

and in the decay memory case is

Y = i (g)j (b — Derj + beee. (13)

j=1

2.1 How Price Expectations are Updated

Our approach is different from learning. Our agents observe what a fully informed RE
agent would observe, but the RE formation process is perturbed by limited memory.
This implies a multiplicity of way agents can combine the memory of past observables,
which is then assumed to be time-varying and pinned down by an exogenous sunspot
shock. As such, our agents are not learning. However, our assumptions do impose a
theoretical structure on expectation formation which implies a specific updating rule for
expectations. This section derives the updating of expectations in our approach - for
brevity we just focus on the decay memory case - highlighting similarities and differences
with respect to the learning approach.
Corresponding to (6) or (11), the expectation in the decay memory case with time-

varying b, is

- o0 \i—1

By = (i —1)) (W) Yir1-i; (14)

i=1 j=0"t=J

which can be written recursively as

— 11 v = _
Ewyi1 = ] |:Ttl>\Etlyt + (yt - )\Etlyt)} ) (15)

bi—1
by

employed by, e.g., Adam et al. (2016) and Nagel and Xu (2021), that is

where v, = . This expression reminds the updating implied by constant gain learning,

Eiyri1 = Eqye + v (yt — I_Etflyt) ; (16)

where v is the gain parameter. The gain parameter measures how much agents will
update their expectation accordingly to the previous period expectation error, as well as
the weight on the last observed data point.

The comparison between (15) and (16) highlights the three differences between our
approach and constant gain learning. These three differences come first from starting

from the RE assumption, and then from twisting it with both limited memory and time-

10



varying expectation. First, the updating rule (15) is multiplied by 1/6, because under
RE agents take the model into account in formulating their forecasts. In other words,
the agent knows the objective underlying law of motion. Combining (2) and (3) yields
the updating rule under RE as ®

1 b—1

Eyer1 = 7 [Ei1ye +v (g — Eiqyr)]  where v=——. (17)

The updating rule under RE is similar to constant gain learning, but the updating is
multiplied by 1/6 and the constant gain is given by v = b_Tl Second, the term \ appears
in front of the past expectation in (15) as a result of the decay memory assumption.
Agents discount the previous period expectation by a factor A\, because they partially lose
memory of past expectations. Third, the time-varying expectation assumption makes
not only the gain parameter to be time-varying, v, but it also changes the way past

expectation affects current expectation, i.e., the term Vt”t

. As clear from (14), a change

in b; reshuffles the weights agents use for past data in forming their expectations - thus

agents also change the weight of the last observation, i.e., the gain parameter.’

3 Asset Pricing Application

This Section presents an asset-pricing model that embeds the assumption on time-varying

expectation formation and limited memory described above in a structure based on the

seminal model of Bansal and Yaron (2004).'

The representative agent has Epstein and Zin (1989) recursive preference, so the utility
function satisfies
1

V= [(1=8)Ci Y% 4 5B, VAy) T i,

where C; is consumption, 7 is the coefficient of risk aversion, ¢ is the intertemporal
elasticity of substitution (IES), and § is the discount factor. From the Euler equation,

the asset pricing equation for gross return from any asset i (R; ;1) is
0
[50Gc t+1Ra t-li-l )Ri,tﬂ} =1, (18)

where 6 = 1 n / 5 Getr1 = (Ciy1/Cy), and R 441 is the unobservable return on an asset
that delivers aggregate consumption as its dividends each period, or the so-called ‘return

on the wealth portfolio This is the usual asset pricing equation E; [M;11R;¢41] = 1,

where My, = §° GC ‘ +1Ra E}He is the stochastic discount factor (SDF) for Epstein and

8From (3) y; — E4_1y: = n; = bey, abstracting for simplicity from the additive sunspot shock &;.

9Note that with a constant b and no decay memory, A = 1, then (15) becomes (17). Moreover, when
0 <1 and b =1 we get the usual RE forward-looking solution E,y;+; = 0, Vt.

10 Appendices B.1 and C.1 contains all the derivations for the equations in this Section.
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Zin (1989) preferences. In logs'!

0
my+1 = 0logd — Egc,t—l-l + (0 = Dragr- (19)
Process for consumption and dividends. As in Bansal and Yaron (2004), the
consumption growth, i.e., g., and the dividend growth g,;, processes contain a small
predictable component z; - the so-called LRR in Bansal and Yaron (2004) - with x;

evolving according to a AR(1) process, so that

Tip1 = PTy + PeOCpy1, (20)
Jet+1 = P+ Ty + 0Npy1, (21)
9dt+1 = Jld + OTy + Qa0 Uiy, (22)

The exogenous shocks e;11,u;+1 and 1,1 are white noise and mutually independent, p is
the persistence of the expected growth rate process. ¢4 > 1 captures the fact that the
evolution of dividend observed is much more volatile than that of consumption, while
¢ implies that the persistent component x; induces correlation between consumption
and dividend growth. However, in contrast to Bansal and Yaron’s (2004) model, we
do not assume stochastic volatility a priori'?, because it arises endogenously through our
assumptions on expectations, as we will show later. The stochastic volatility in our model
is not unconstrained as in Bansal and Yaron (2004), but it obeys the restrictions imposed
by the time-varying expectation formation process.

The solution method involves two steps. First, as Bansal and Yaron (2004) and Albu-
querque et al. (2016) among others, we solve the model using the approximation proposed
by Campbell and Shiller (1988), which involves linearizing the expressions for the returns
and exploiting the properties of the log-normal distribution. Second, we assume rele-
vant state variable for deriving the solution and then apply the undetermined coefficient
method using the assumptions explained in the previous section - decay memory and
time-varying expectations.

Solution for the return on the wealth portfolio. We first solve for the log return
on the wealth portfolio 7441, as it determines the SDF and therefore the market portfolio
return r; .41 given (18). Applying the log-linear approximations in Campbell and Shiller
(1988), the (approximated) log return on the wealth portfolio can by written as

Tai+1 = Ko + K1Z41 — 2t + Gejt1 (23)

where z; = log(Pc+/Ct) is the log of the price-consumption (PC) ratio of this asset that

HLower case variables indicates logs. So for example, g1 = log G 111 = log(Cri1/Ct).
12Tn Bansal and Yaron’s (2004) model, they model the variance follows an exogenous AR(1) process.
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delivers aggregate consumption as its dividends each period, Pr; = is the price of this

asset, and the x’s are the following approximation coefficients

exp(z)

Tren() (24)

ko = log(1 + exp(2)) — K1 Z; K1
To find the solution for z;, we use the method of undetermined coefficient, as described
in Section 2. Guess that the solution for z is a linear function of the past, present
and expected future values of the endogenous state variable z, but subject to memory

constraints and a time-varying parameter, indicated by ;. In the case of finite memory

T [e's)
1
2= Aps + (1 - E) [Z Wj Ty + bpwy + Z Cit By Ty | s (25)
j=1 j=1
while in the case of decay memory
1 (0.) ) oo
Zt = AO,t + <]. - E) [Z uj,t)\th_j + btxt + Z Cit ]Et LTi4j | - (26)
j=1 j=1

The time-varying expectation parameter follows the random walk process b; = b;_1 +0p&;,
where & ~ i.i.d N(0, 1) is assumed to be uncorrelated to all other fundamental shocks in
the model. The parameters Ag;, u;; and c;; are coefficients to be determined. Substi-

tuting the above equation (25) or (26) into the Euler equation (18) yields, respectively

o0

2= Aos + <1 — %) [ <%)j (b = D)wpj + by + by Z(fﬁp)jxt] ’ (27)

J Jj=1

or

z = Ay + (1 - %) [i (%)J (b = D + 5 _btht] : (28)

7=1
Given the solution for z;, equation (23) yields the log wealth return r, 1, which in
turn yields the log of the SDF from (19)."
Solution for the market return. The same procedure solves for the market return,

which has the analogous expression as equation (23), that is

P+l = Kom + KlmZmi+1 — Zmit + Gdi+1s (29)

where k,,,’s are coefficients as in (24) consistent with the average PD ratio z,,. Similarly

13To avoid repetitions, we present only the decay memory case in what follows. Similar expressions
holds for the finite memory case, see Appendix C.1 and C.2 for this and next Section respectively.
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to (26), the guess for 2, is

1 [ ‘ [
Zmt = AO,m,t + (QZ) — E) [Z Uth)\jl't_j -+ btxt + Z Cj,t ]Et ZL't+j s (30)

j=1 j=1

where the parameters Ag ¢, u;, and c;, are coefficients to be determined by substituting

the conjectured equation (30) into the Euler equation (18). The solution for z,,; is

o

1 A\ by
Zmt = AO,m,t + (¢ - @) [Z <_) (bt - 1).1',5,]' + ml’t] . (31)

K
j=1 1,m

The solution (31) has the property that the PD ratios are constant, absent uncertainty
on the consumption process, i.e., ¢ = 0 and thus x; = 0, Vi. This property follows that
the expectation parameter b; enters into the solution in a multiplicative way.

Appendix B.1 presents the expressions for Ag;, Agm+ and the solution for the risk-
free rate ry,qq. Finally, (28) and (31) show that z; and z,,, are bounded, for any given
bounded level of b;, whenever, A < x; and A < Ky, respectively. Hence, as explained
in the previous Section, the decay memory assumption implies a multiplicity of bounded
solutions, and a given value of b; pins down a particular solution among the infinite

admissible ones.™

4 Analytical Results

This section derives analytical results that provide the intuition why the asset pricing
model with time-varying expectation formation process and limited memory can be po-
tentially consistent with many asset pricing puzzles. In particular, subsection 4.1 shows
that the PD ratio can persistently deviate from the stable fundamentals. Moreover, these
persistent deviations are often associated with high price volatility. Subsection 4.2 shows
that the model could generate a higher and time-varying equity premium as a result of
the expectation formation process. Again we focus mainly on the decay memory case to

avoid repetitions, but similar arguments apply to the finite memory case.'”

4.1 Price-Dividend Ratio

The fundamental RE solution in standard asset-pricing models has difficulty matching

the high price volatility in the data. It is immediate to obtain the RE solution for the

14The same applies to the finite memory case because the backward-looking summations are finite.
15See Appendix B.2 for the derivations in this Section and Appendix C.2 for the corresponding
derivations in the finite memory case.
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log of the PD ratio in our model by imposing b; = 1 in (31)

=

RE
BB = Ay —
m,t 0, 1_H1p

Ty (32)
The volatility of the PD ratio equals roughly the volatility of dividend growth, inherited
by the long-risk process through the term, ¢x;. For the PD ratio to feature stochastic
price volatility - an important empirical observation - Bansal and Yaron (2004) add an
exogenous stochastic component in the volatility of the growth rate of dividends (again
common to the LRR).

To highlight how our model solution for z,,,; deviates from the standard RE solution,

we can write (31) as a combination of usual RE solution and a bounded backward-looking

component'¢
¢— 3 Y 1
W
Zmt = bt AO, + — x| + 1— bt A(), — <—) <¢ — —) Ti_j 33
" ( el AL L M Gl N Gy BV BCS
fundamen;;l eq., zﬁﬁ bounded backv\v;rd-looking eq.

The solution encompasses the usual RE result as a special case (corresponding to b, =
1). When b; # 1, the asset prices deviate from the usual RE values and we can distinguish
the ‘fundamental regime’ and the ‘trend-following regime’, following the Boswijk et al.’s
(2007) terminology. As the value of the expectation parameter b, varies, the model
yields different ways agent maps past observations to form their expectations and thus
the equilibrium price distribution. When the value of b wanders around one, the model
solution is close to the RE one and asset prices to fundamentals, so we are close to a
‘fundamental regime’. When b differs from 1, the model enters a ‘trend-following regime’,
where persistent under-and over-valuations of asset prices appear but are compatible with
stable economic fundamentals. To see this, define Z,,; as the deviation from the usual

RE solution, i.e., Zm¢ = Zms — 2%, then, for b, # 1,

. A by —1, 1 1
m = m b -1 - e
Zm,t+1 o bi—1 Zmg+ (b — 1) (& b)) 1= /11,mp¢ O€tt1

6The time-varying components in the Ag and Ag,, were abbreviated when deriving the analytical
solutions of this Section as they do not affect the main argument, but their effects were obviously
considered when doing the quantitative analysis.

1"Tn the finite memory case (34) is given by

(byy1 —1) 1 1 1
- 2. boq — 1 - = — 0, — ——x7 | .
et by — 1)2 &+ (beya )| @ @ 11— Hl,mp@ o€ty "E{m Tt—T

Zmt+1 =
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1 1
+ (b1 — 1) (¢ — E) FR— (1= A) pry. (34)

Due to memory loss, approach to zero as A — 1

Zm.t+1 positively depends on the deviation in the last period when b; and b;4; on the same
side relative to 1. Given that b; is a persistent process, it follows that persistent under- and
over-valuations of asset prices arise. Moreover, even if expectations about stock prices are
very high at a given point in time, the PD ratio has the tendency to return to fundamentals
in absence of fundamental shocks as A\/k1 ,,, < 1. In other words, the expectation formation
process affects the response to the fundamental shocks, through b;, and its persistence
induces “momentum” on stock prices, while the decay memory assumption, through A,
entails “mean-reversion” over long horizons to stable fundamentals. Together, the model
is able to explain the periodical boom and bust in the financial market.

Equation (34) also shows that our model provides a micro-structure for stochastic
volatility, that arises from the time-variation in b;. Stochastic volatility is one desirable
feature in the asset pricing literature. However, such stochastic volatility is often disen-
tangled from the fundamentals. For example, Bansal and Yaron (2004) model stochastic
volatility by adding fluctuations in economic uncertainty, which are completely free in the
sense that they follow an independent process which is unrelated to any of the fundamen-
tals. In contrast, in our model stochastic volatility arises as a by-product of time-variation
in b; and thus it is tight to the particular assumptions about the expectation formation
process. This implies certain restrictions on the stochastic volatility due to the structure
of the assumed expectation process - one stochastic expectation formation parameter b,
governs both the level and volatility of the PD ratio at once. Formally, both in the de-
cay and in the finite memory case, the conditional variance of z,:+1 (assume p = 0 for

simplicity, the full derivation for p # 0 can be found in the Appendix B.1) is equal to

g — 2BE 2 1\ 2
Vary(zmis1) = (Tlm) op + (qb - E) (bipeo)?, for b; # 1, (35a)

2
Vary(zmii1) = (¢ - %) 2o, for b, = 1. (35b)
Our model implies that the time variation in expectations affects not only the level of
the conditional variance of the PD ratio directly through o? as a new source of risk,
but it also induces time-variation in how the variance of structural shocks feed into PD
volatility because the coefficients that multiply o2 depend on b,. The reason why it is
evident from (33) that shows that b; affects both the level (i.e., intercept) of the PD ratio
- i.e., it changes the weight given to the discounted sum of past x;_;’s - and the slope

of the PD ratio - i.e., it changes the way the PD ratio reacts to a given new realisation
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x;.'® Moreover, from equation (35), the volatility of the PD ratio increases when the price
dividend ratio is deviating from the fundamental solution, or in other words, the price

volatility increases in a bubbly market, a phenomenon often observed in the data.

4.2 Equity Premium

In our framework, the model can generate a higher and time-varying equity premium as
there are now two sources of systemic risk: the first relates to fluctuations in expected
consumption growth; the second relates to fluctuations in the expectation formation

process. Appendix B.2 shows that the innovation to the pricing kernel, i.e., the SDF, is

My — Eymyq = —/\m,n077t+1 - )\m,e,t+106t+1 - )\m,g,t+10b€t+1a (36)

where A\, ), Amerr1 and A, ¢ 441 capture the pricing kernel’s exposure to the consumption
growth shocks, 711, to the LRR shock, e;11, and to the time-varying expectation shock,

&i41, respectively, and they are equal to

Ampy = — (_Q +6— 1) =, (37a)
(G
Mesar =(1— 0y (1= 1) b2 (37b)
myet+1 = K1 v t+11 — /ilp%’
A =(1-0)k (1 - l) i(i)]x i + ! x (37¢)
m,&,t+1 1 ” 2 oy t+1—j 1 /ﬁpﬂ el -

The pricing kernel’s exposure to LRR Ay, c++1 rises with the persistence parameter p
or as agents are more forward-looking (higher b;.1). The pricing kernel’s exposure to
the expectation risk A, ¢+4+1 rises with the difference between the expected pure forward
looking solution - when b;.1 = 1 - and the pure backward looking solution - b;,; = 0, as

can be shown by rewriting (37¢) as (see (28))

1
Amgirr = (1 —=0)ri (1 — E) (IEt (2tr1lberr = 1) = By (241 ]biga = 02) (38)
Et;t?-u IE’5;tg+1

It is instructive to look at the comparison with the standard RE case (i.e., b1 = 1 and
o, = 0), where (36) would correspond to the Bansal and Yaron’s (2004) model without
stochastic volatility (see equation (6) at p. 1486 therein). The Bansal and Yaron’s (2004)
model with stochastic volatility delivers an expression that has three terms, as in (36),
where the last term would capture the fact that the innovation to the pricing kernel

responds to the assumed shock to the volatility of consumption (see equation (10) at p.

8Note that this nothing else that the application to the asset pricing model of the implication of the
solution (13) in the simple example.
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1487) rather than the shock to expectation formation as in our model.

Similarly, the innovation in the market return is given by

T+l — Bt Tttt = BrmuOUir1 + Bmet+10€i41 + Bmgtr106€e+1, (39)

where By, 4, Bmet+1 and B, ¢ 41 are time-dependent convolutions given in Appendix B.2.
The conditional equity premium for the market portfolio 7,41 is equal to Ey (7, 41 —

rre) = —cov(meyr — By mygr, rimis1 — By rier1) — 0.5Vary (rp, 441), which yields
]Et (T’m7t+1 — Tfﬂg) = 796’150'2 + 19£7t0'§ — O.BVaTt(rm,tH), (40)

with

doe— (1—0) (1 _ 1) b (¢ _ 1) b oo (41a)

Y) 1—rip V) 1—Kmip 7
Vep = ey — K1p) i A Vx4 — Km,1) i Ywi+
’ b?gpﬁaQ j=1 K1 ! j=1 ’il,m 7
(41b)
Vart(rm,tJrl) - (ﬁm,u + 5m,e,t+1)20—2 + Bfn,&t-l,-lal? (41C)

The equity premium is determined by two sources of risk: the fluctuations in consumption
growth and the fluctuations in expectations. The second term in equation (40) says
that the equity premium must compensate for the risk due to time-varying expectation
formation process (o). Moreover, ¥, illustrates that the realization of b; also determines
how equity premium compensate for consumption growth volatility (o2). Therefore, as
for the PD ratio, the expectation formation process affects both the level of the equity
premium - i.e., the intercept of the equation for the equity premium (40) - and its slope

- i.e., how it reacts to consumption growth volatility.

5 Data and Methodology

We estimate our asset pricing model with a time-varying expectation formation process
using the simulated method of moments (SMM). This Section describes first the data
sources (subsection 5.1) and then the methodology employed (subsection 5.2). Subsection
5.3 formally examines which moments should be included in the SMM, as including all

moments of interest may result in the violation of certain regularity conditions.
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5.1 Data Sources

The seasonally adjusted per-capital annual consumption growth used in this paper is from
Barro and Ursda (2012) and was extended by the authors to 2019 using data from the
Bureau of Economic Analysis (BEA) (National Income and Product Accounts: Table 7.1
Selected Per Capita Product and Income Series). The real S&P 500 return, PD ratio and
dividend growth are from Robert Shiller’s website. The data on the annualized nominal
return to one-month Treasury bills, deflated by the CPI, is taken from Robert Shiller’s
website. We use the data from 1929 to 2018 which contains several crisis episodes in

financial markets.

5.2 Simulated Method of Moments

This paper applies the simulated method of moments (SMM) estimation to evaluate the
ability of the model to match salient features of data. The SMM approach aims to find
model parameter values that make model simulated moments match the data moments
as closely as possible.

In this application, the moments of interest include: the mean, standard deviation
and the first-order autocorrelation of consumption growth; the mean, standard deviation
and the first-order autocorrelation of dividend growth; the mean, standard deviation
and the first-order autocorrelation of PD ratio; the mean and standard deviation of real
stock return; the contemporaneous correlation between consumption growth and dividend
growth; the contemporaneous correlation between stock return and consumption growth;
the correlation between stock returns and one-period lagged consumption growth; the
mean and standard deviation of the risk-free rate. Moreover, we include also excess

return predictability, that is, the coefficient ¢ and the R? in the following regression:
Totrin — Trs = Ch + 2 1log(PDy) + uz (42)

where the dependent variable (75,4, — 77¢) is the observed real excess return of stocks
over bonds from ¢ to ¢t + n years (here we consider five-year horizon, n = 5), and u, is
the regression residual.

There are 11 parameters we are trying to estimate, namely: the coefficient of relative
risk aversion +; the elasticity of intertemporal substitution ; the rate of time preference
0; the drift in the log consumption and in the dividend growth processes y; the persistence
of the expected growth rate process p; the volatility of innovation o; the volatility of the
persistent component of the growth process (i.e., the LRR) ,; the elasticity of dividend
growth to the persistent component of the growth process ¢; the volatility of dividend
growth process g4; the volatility of the innovation in expectation formation process oy;

the decay rate of memory A (or the limit period of memory 7" in the case of finte memory).
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We summarise these parameters in the vector 0 = {v,v,0, i, p, 0, e, &, P, op, A (or T)}.

Formally, the SMM entails the following. Let (yi, ..., yn) be the observed data sample
with size N. The sample moments is defined as My = %~ SV h(y,) for a given moment
function h. Some of the statistics of interests we considered here are functions of moments
so that Sy = S(MN). We base our SMM estimates and test on matching the statistics
S n. Let S‘N € R?® denote a vector of statistics that will be matched in the estimation
given the N observations in the data. S(6) is a vector of moments implied by the model

for some parameter value 6. The SMM parameter estimate 0y is formally defined as
Oy = arg mein[SN — S(0)S5[Sy — S(0)]. (43)

The SMM estimates 6y then choose the model parameter such that the model moments
S (0) fit the observed moments Sy as closely as possible in terms of a quadratic form
with weighting matrix f]g%v In our paper, we create 1000 synthetic time series using
the Monte Carlo procedure, each length equal to our sample size.'? In all synthetic time
series, we initialize the value of b; to be 1 - corresponding to the fundamental solution
(usual RE solution). S() that enters the criterion function is the mean value of the
sample moments across the synthetic time series for a given parameter vector of § € ©.%°
Let v* denote a realization of shocks drawn randomly from their known distributions,
and let (y.(0,7%),...,yn(0,v")) denote the random variables corresponding to a history
of length N generated by the model for shock realization v and parameter value §. Then,

the model statistics S(6) are computed as

K

S(H)E%ZS(MNQV ZS(NZhthV ) (44)

=1

where we use K = 1000. In other words, S(6) is an average across a large number of
simulations of length N of the statistics S(Mxy (6, v")) implied by each simulation.

The weighting matrix in our estimation igﬁv is the inverse of variance-covariance
matrix of the empirical moment conditions Sy, as required for efficient SMM estima-
tion. The weighting matrix is estimated using the Newey-West estimator - which is
heteroskedasticity and autocorrelation consistent - with a lag of 3.7

The SMM approach also allows a formal econometric test to evaluate individual and

overall goodness of fit based on asymptotic distribution. Under the null hypothesis of the

19We assume the agent makes decisions on a monthly basis and we compute model moments at an
annual frequency.

20 An unconstrained minimization of the objective function over the parameter space © can be nu-
merically unstable and computationally costly. Therefore, additional restrictions have been imposed on
©O. These restrictions can only deteriorate the model’s empirical performance so that the goodness of fit
results presented in the next section represent a lower bound on what the model can achieve.

21'We follow a common practice that specifies the lags as the smallest integer greater than or equal to
(TV/4).
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test that the model is correct, we have

A ~ ~ A ~

Wy = N[Sy — S(On)) S5 [Sy — S(0x)] = x*(s —n) as N — o0, (45)

where convergence is in distribution. In addition, t-statistics can be conducted based on
the asymptotic distribution for each element of the deviations Sy — S(fy) to evaluate

how close each individual moment is to the data moment.

5.3 Which Moments to Match?

The validity of the SMM requires certain regularity conditions, as documented by Adda
and Cooper (2003) and Davidson and MacKinnon (2004). As some components of the
moment functions listed above are not sample moments but nonlinear functions of sam-
ple moments, this paper is concerned with violating one of the regularity conditions of
standard SMM, that is, the non-singularity of the covariance matrix of the moment vec-
tor. The violation of the singularity requirement would result in the test Wy varying
greatly with small model changes or testing procedures. Moreover, the maximization
algorithm as the non-singularity condition is violated would be nearly unstableas evident
in equation (45) - the formula for Wy nearly divides zero by zero, the objective function
is nearly undefined, and the asymptotic distribution may not be a good approximation to
the true distribution of the test statistic. Therefore, to make sure that ) s.n is invertible,
we need to carefully select statistics so they do not give rise to multicollinearity. To
decide which statistics to use, following Adam et al. (2016) and Adam et al. (2017), we
exclude some moments from the estimation that are nearly redundant. The idea is to
compute the variability of each statistic that cannot be explained by a linear combination
of the remaining statistics, similarly to the R? coefficient of a regression of each statistic
on all the other statistics. The regression coefficients and the ensuing R? are computed
from XA)S, ~ in a standard manner. We exclude those statistics with RB? < 0.04 as they
are nearly redundant. Specifically, they are the R? of the excess return predictability
regression (42) and the first-order autocorrelation of consumption growth, PAcje—1 (for
which R? = 0.0283 and R? = 0.0140, respectively). After we drop these two statistics,
the weighting matrix is non-singular. Moreover, even though we drop these two statistics,

the model is able to match them.??

6 Quantitative Results

This Section presents the results for both the finite memory model and the decay memory

model. Table 1 reports our parameter estimates along with standard errors. The esti-

22This applies to both the decay memory and finite memory case.
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Table 1: Parameter Estimates

Parameter Finite Memory Decay Memory
ol 3.6721 3.9015
(0.0026) (0.1551)
) 0.9965 0.9961
(0.0003) (0.0003)
P 1.1150 1.1148
(0.001) (0.0085)
p 0.9941 0.9915
(0.0013) (0.0020)
Ve 0.1097 0.0788
(0.0012) (0.0121)
o 0.003 0.004
(0.0003) (0.0002)
1 0.0017 0.0016
(0.0001) (0.0001)
) 2.5317 2.5344
(0.1212) (0.1851)
Y4 9.7109 6.2188
(1.4423) (0.5413)
O 0.0123 0.0245
(0.0014) (0.0051)
T = 6.8750 A =0.9419
(2.0583) (0.0016)

The table presents estimated parameter values for the finite mem-
ory and decay memory models (with standard errors reported in
parentheses). The model simulates on a monthly basis and appro-
priately compounds to the annual frequency. The Simulated Method
of Moment is used to obtain the estimates.
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mated parameters are very close between the two different specifications of our models.
First, the coefficient of risk aversion, =, is estimated to be 3.67 for the finite memory
model and 3.9 for the decay memory one. These values are smaller than the value of
10 used in Bansal and Yaron (2004) to generate the observed equity premium but larger
than the value of 1.5 estimated by Albuquerque et al. (2016) in their benchmark model.
Second, the IES, v, is precisely estimated to be 1.115 in both models. This value is
larger than one, and close to the value of 1.5 calibrated by Bansal and Yaron (2004) and
estimated (1.46) in Albuquerque et al. (2016). Third, the parameter p, which governs
the persistence of the LRR that affects both consumption and dividend growth, is very
high at 0.99, but consistent with the value used by Bansal and Yaron (2004) of 0.979.
Fourth, the memory limit is similar between the two specifications. The finite memory
is estimated to be 6.87 years (equal to 83 months) and the parameter of memory decay
is 0.94 per month, implying that the memory weight after 83 months is around 0.006.
Finally, the parameter ¢ that measures the effect of the LRR on dividend growth is close
to the calibrated value in Bansal and Yaron (2004) of 3. The main difference between
the finite and decay specifications is the estimated variance of the sunspot shock, which
is larger for the latter case.

The estimated model closely matches the data moments, and the model’s performance
is robust across the two specifications for limited memory. Table 2 reports data moments
(with standard errors reported in parentheses) and model moments (with ¢-statistics for
each moment reported in parentheses) under the two specifications. Taking sampling
uncertainty into account, the model moments are all statistically indistinguishable from
the US data moments at 5% significance level.?® In particular, both models closely match
the observed main asset pricing moments: level and volatility of the stock returns, the
PD ratio, the risk-free rate, and the dividend yield, without yielding unrealistic strong
correlations between stock returns and measurable fundamentals. The model also suc-
ceeds in replicating the return predictability and the autocorrelation of the consumption
process even though these two statistics are not included in the set of moments to be
matched. The p-value of the Wald test, a measure of the model’s overall performance,
indicates that both models cannot be rejected at 5% significance level, even though the
finite memory model only marginally so.

The model matches quantitatively many asset pricing features, particularly so for the
decay memory case. This is notably impressive given the result in Section 6.5, where we
estimate the standard LRR model by Bansal and Yaron (2004), with exogenous stochas-
tic volatility. The latter model is overall rejected by the data, as the p-value of the Wald

test is zero (see Table 6). The process for stochastic volatility in the Bansal and Yaron

23The t-statistics based on formal asymptotic distribution are all at or below two in absolute value,
with the only exceptions of the mean of the PD ratio and the standard deviation of bond return for the
finite memory model.
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Table 2: Quantitative Model Performance

U.S. Data Finite Memory Decay Memory

Mean stock return E,.s 7.79 6.00 6.27
(1.83) (0.99) (0.83)

Mean bond return E,» 0.45 1.05 1.05
(0.49) (-1.20) (-1.23)

Mean PD ratio Epp 32.05 35.84 34.80
(1.43) (-2.47) (-1.91)

Mean dividend growth Exp/p 1.74 2.77 2.56
(1.12) (-0.97) (-0.73)

Std. dev. stock return o;s 18.71 19.05 19.26
(0.94) (-0.36) (-0.56)

Std. dev. PD ratio opp 16.40 17.91 17.68
(2.05) (-0.69) (-0.62)

Std. dev. Dividend Growth ocap/p 10.67 11.29 11.08
(1.60) (-0.40) (-0.25)

Std. dev. bond return o,s 3.91 2.70 3.28
(0.43) (2.48) (1.46)

Autocorrel. PD ratio ppp,—1 0.90 0.85 0.80
(0.12) (0.41) (0.74)

Mean consumption growth Fac/c 2.01 2.15 2.00
(0.32) (-0.46) (0.03)

Std. dev. consumption growth oac/c 2.96 2.79 2.93
(0.32) (0.56) (0.08)

Autocorrel. consumption growth pac/c,—1 0.61 0.80 0.62
(0.12) (-0.07) (-0.00)

Autocorrel. dividend growth pap/p,—1 0.24 0.31 0.79
(0.37) (-0.09) (-0.08)

Corr. corrac/c,ap/p 0.47 0.55 0.50
(0.13) (-0.58) (-0.25)
Predictability Spp -0.0110 -0.0098 -0.0090
(0.003) (-0.38) (-0.70)

Predictability R? 0.1327 0.0804 0.0756
(0.086) (0.60) (0.66)

Contemporaneous correlation between 0.03 0.07 0.24
stock return and consumption growth (0.11) (-0.31) (-1.88)

Correlation between stock return -0.13 0.52 0.10
and one-period lag consumption growth (0.27) (-0.53) (-0.45)
Test statistic Wy 10.5926 7.7713
p-value of Wy 6.01% 16.93%

The table compares the asset-pricing moments from the US data (column 2, with standard errors reported in
parentheses) with the one implied by the finite memory and decay memory models (column 3 and 4, respectively,
the t-ratios for each moment are reported in parentheses). The t-ratios are calculated as (data moment - model
moment)/(estimated standard deviation of the model moment). The measure of the overall goodness of fit Wi,
defined as (45), and the corresponding p-value are reported in the last two rows of the table.
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(2004) model follows an independent process, which is free and unrelated to any of the
fundamentals. Our benchmark model is the same, but, in contrast, stochastic volatility is
constrained because it arises endogenously. Our modelling assumptions regarding the per-
turbation of the standard RE Muth’s (1961) type of solution imposes certain restrictions
on the way stochastic volatility can affect the model variables. The superior quantitative
performance of our benchmark model provides an implicit empirical corroboration of this
theoretical microstructure implied by the particular assumptions about the expectation
formation process. As we will argue below, our assumptions enable the model to match
all these asset pricing facts, because the expectation shock amplifies the fundamental
uncertainty (Section 6.1) and generates persistent disconnection of asset pricing from the
dynamics of the fundamentals (Sections 6.2 and 6.3).

Moreover, the model generates empirical plausible subjective expectations when com-
pared to survey evidence on expectations, as it matches statistically the evidence about
the expected excess market return being positively correlated with lagged price-dividend
ratios (Section 6.4). This result, together with the evidence of time-variation in this cor-

relation, therefore, provides also an explicit empirical corroboration of our mechanism.

6.1 The Equity Premium

Both the finite and the decay memory models are capable of producing a large equity pre-
mium (around 5%) with a relatively moderate estimated degree of risk aversion (y = 3.67
or 3.90). The intuition behind this is that the model requires additional compensation for
expectation risks on top of fundamental risks. This compensation for expectation risks
increases the equity premium by 40% in the decay memory case - and only by 10% in
the finite memory case - with respect to a model estimated by setting the variance of the
time preference shock in the model to zero and b; = 1 for Vt. Note that the model requires
fundamental shocks, because the expectation shock simply amplifies the risks connected
to fundamentals, but it would not create per se an equity premium.

Notably, in our model, the compensation for expectation risks increases as the gap
between the expected forward-looking solution and the expected backward-looking solu-
tion widens. As the gap increases, the change in the relative weights (expectation shock)
on those two solutions can induce large price fluctuations, which increases the agent’s
desire to hedge the risk. Moreover, the estimated values of risk aversion and of the IES
imply 6 < 1, so that v > 1/¢ which Epstein et al. (2014) shows to be the condition for a
preference for early resolution of uncertainty. Hence, as in standard LRR models, LRRs
are penalized more heavily than current risks in our model, because they are resolved in
the distant future. In the CRRA case (6 = 1), the equity premium is not affected by
the two sources of risks, both the consumption and expectation risk, i.e., V¢, ¥¢; = 0 in

equation (40).
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From an a analytical point of view, equations (28) and (31) help to explain why the
model embodies a compensation for expectation risk and that is particularly pronounced
for stocks relative to bonds. Equations (28) and (31) show that the solution for the
price-consumption ratio and the price-dividend ratio, respectively. First, from Table 2,
the parameter ¢ is larger than one, which implies that dividends are more sensitive both
to changes in the LRR, 2’s, and in the expectation formation, b;, (i.e., see (28) and (31)).
Second, under our parameter estimates, k1 < Ki,, ~ 1, which implies that the price-
dividend ratio is more sensitive to changes in expected future price-dividend ratio, and
thus any changes in expectation formation process would have a leveraged impact on the
current price-dividend ratio.

Our expectation risk shares a certain similarity with the ‘valuation risk’ in Albu-
querque et al. (2016) in that both risks are due to stochastic changes in agents’ valuation
of assets in the absence of changes in fundamentals. Albuquerque et al. (2016) introduces
a time preference shock that changes agents’ relative valuation of present consumption
against future consumption. A shock that increases agents’ valuation of the present rel-
ative to the future would drive down the asset price, as they want to sell stocks and
consume more. In our model, expectation sunspot shocks also change agents’ valuation
of assets. In particular, assume an agent that buys an asset at a certain date and then
at a later date changes her expectations such that, say, she expects the future price to
be lower than she initially expected. Since the shock is common to all agents (who are
identical), they sell their assets (both stocks and bonds) and drive down the prices.

However, there is a fundamental difference between our expectation shock and the val-
uation shock. Our sunspot process creates uncertainty on the future valuations, because
it changes the way agents form expectations, that is, the weight between the backward
and forward-looking solution, and bonds and stocks are exposed differently to this risk.
As such, this expectation shock interacts with the fundamental shocks, increasing the
risk and inducing stochastic volatility. Here, we insert it in the Bansal and Yaron (2004)
model of LRR without stochastic volatility. Albuquerque et al.’s (2016) valuation shock
is a state variable of the model and it is a fundamental demand shock to time prefer-
ence, that exhibits exogenous stochastic volatility.?* In principle, one could embed the
expectation shock in a model with a (demand) valuation shock rather than a (supply)
LRR shock. The expectation shock would then amplify a different fundamental shock. In
other words, our shock interacts with fundamental shocks amplifying the risks connected
to fundamentals. As such it creates stochastic volatility, but, contrary to a valuation
shock, our model would not imply an equity premium in absence of uncertainty on the
consumption process, i.e., o = 0.

Finally, a problem with some explanations of the equity premium is that they imply

24Moreover, both the growth rate of consumption and dividends are affected by the innovation to the
persistent component of the time-preference shock.
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counterfactually high levels of volatility for the risk-free rate (for example, Boldrin et al.
2001). Table 2 shows that the volatilities of the risk-free rate and the stock market returns

implied by our model are similar to the ones in the data.

6.2 The Correlation Puzzle

As well documented by Albuquerque et al. (2016), the correlation and covariance between
stock returns and measurable fundamentals, especially consumption growth, are weak. To
simultaneously account for the equity premium and the correlation puzzle is challenging
for models with all uncertainty being loaded to the supply side, such as Bansal and Yaron’s
(2004) LRR models. Albuquerque et al. (2016) consider this problem as one of their
main motivation for introducing a valuation risk from the demand side. Our LRR model,
augmented by the expectations risk, does relatively well at matching the correlation
between stock returns and consumption growth in the data (both contemporaneous and
with one-period lagged consumption). The intuition for this result is related to the ability
of our model to generate boom-and-bust bubbly behaviour, as explained in Section 4 and

shown in the next Section.

6.3 Price Dividend Ratio

In Table 2, we show that the model matches the mean, volatility, and persistence of
the PD ratio very well. Indeed, the model is capable of generating ample boom-and-
bust type of movements, one of the main characteristics of the behaviour of the PD
ratio in the data. Figure 1 shows a particular realisation of the PD behaviour from
simulating both model specifications. Both simulations exhibit a clear boom-bust cycle.
This kind of behaviour appears as the PD ratio persistently deviates from the fundamental
one, as evident in equation (34). The fact that our sunspot shock is very persistent is
key for generating “momentum” on stock prices, while the limited memory assumption
entails “mean reversion” over long horizons to stable fundamentals. The fact that the
PD ratio drifts away persistently from its fundamental RE value - temporarily delinking
stock prices from fundamentals - also explains why the model is able to match the low
correlation between the fundamentals, i.e., consumption growth, and stock returns, as we
discussed in the previous paragraph.

Moreover, another important feature observed in the financial market is that the PD
ratio volatility increases in a bubbly market. Figure 1 suggests that the model is able
to replicate this feature. Equation (35a) conveys the analytical explanation behind this,

because it shows that the conditional variance of 2,1 increases in the deviation of the

RE

PD ratio, z,, from its fundamental value, 2,7

Finally, another well-known feature of the data is the predictability of excess returns
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Figure 1: Simulated Price-Dividend Ratio
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The figure shows the simulated PD ratio using the estimated model from Table 1. The simulated time series is
able to generate booms and busts, as observed in the data.

from lagged PD ratios. Following Albuquerque et al. (2016), Table 3 reports the results

of regressing real excess returns on equity over holding periods of one, three, and five
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Table 3: Predictability of excess returns

Slope coefficient R?
Data  Finite Decay Data R? TFinite Decay
memory Mem- mem- Memory
ory ory

c -0.0022 -0.0019 -0.0019 R?  0.0391 0.0208  0.0235
(0.0010) (-0.27) (-0.36) (0.0375) (0.49) (0.42)

s -0.0062  -0.0059  -0.0054 R?  0.0890 0.0544  0.0553
(0.0025) (-0.14) (-0.34) (0.0872) (0.53) (0.52)

2 -0.0110  -0.0098  -0.0090 R?  0.1327 0.0804  0.0756
(0.0034) (-0.33) (-0.58) (0.0872) (0.60) (0.66)

The table reports the results of regression excess return over holding periods of one, three, and five

years on the lagged price-dividend ratio based on the parameter estimates in Table 1. ¢*(n) and
the R?(n) in the table represents the coefficients and the R—squared’s, respectively, in the following
regression: X, = C}L + c%PDt + u¢,n, where X, is the observed real excess return of stocks over
bonds from ¢ to ¢t + n years. The standard error (for estimated data moments) and ¢-ratios (for
model implied moments) are reported in parentheses.

years on the lagged price-dividend ratio, that is
Totin — Tfs = Ch + c2log(PDy) + g, (46)

where the dependent variable rg;,, — 7, is the observed real excess return of stocks over
bonds from t to t + n years, and u,, is the regression residual. The second column in
Table 3 reports the slope coefficients ¢2,c2 and 2, while the sixth column reports the
R?’s. The slope coefficients are all negative, signalling that high PD ratios is associated
with lower future excess returns. The other columns in Table 3 show the same results
by running this regression over our simulated data. Our model matches both the slope
coefficients and the R?’s of the regression, and the t—statistics are all well within the

significance level.

6.4 Implication for Expectations

Traditional rational expectation models give rise to an important counterfactual predic-
tion for the behaviour of investors’ return expectations. Reflecting the data feature we
just saw in Table 3, the rationally expected return should correlate negatively with the
PD ratio. However, the available survey data on investors’ return expectations suggest
the opposite. Based on the UBS Survey, the CFO survey and the Shiller individual in-
vestor survey, Adam et al. (2017) concludes a positive correlation between the PD ratio
and survey expected returns, despite the fact that actual returns is negatively correlated
to the PD ratio. Nagel and Xu (2021) shows that the conclusion holds true for both in-
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dividual investors and professional forecasters. Although the previous literature studied
the positive correlation between price-dividend and expected returns, there is much less
formal evidence on the stability of this correlation. This is important for us because our
model implies time variation in expectation formation, and hence time variation in this
correlation, as stressed in the Introduction. Therefore, in this section, we first confirm
the well-documented facts that the PD ratio plays a role in investors’ future return ex-
pectations. Then, we use econometric tests to show that how agent maps observed PD
ratios to calculate their return expectation is time-varying.

We use two primary datasets to inform our study. Firstly, the UBS/Gallup Survey
data, which is based on a representative sample of approximately 1,000 US investors with
at least US$10,000 in financial wealth. We use the data from February 1999 onwards when
the survey was conducted on a regular monthly basis until April 2007. After rigorous
data cleaning procedures, we derived around 600 observations for each month. While
the UBS survey data exhibits commendable consistency, it covers a relatively short time
frame.

Complementing the UBS data, we also draw upon the survey data constructed by
Nagel and Xu (2021). This dataset, which spans from 1987:Q2 to 2022:Q4, provides
quarterly survey-implied 1-year-ahead stock excess return expectations. For the purposes
of this study, we have chosen to exclude data post-2019 to maintain temporal consistency

with other datasets and ensure relevance to our research objectives.

Figure 2: Time-varying parameter estimations
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The Figure plots the coefficient in a time-varying parameter regression of survey expected excess
return on log PD ratio, see Section 6.4 for details. Dashed lines show the 95% probability intervals
standard error bands for the coefficient.

Figure 3 visualizes the survey implied one-year ahead expected excess return on the

market portfolio in relation to the prevailing Price-Dividend (PD) ratio using the two
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Figure 3: PD ratio and expected return one year ahead

datasets. Both figures indicate a clear positive correlation exists between the PD ratio
and the expected excess returns 1-year-ahead.?

To test our two hypothesis - (i) PD ratio plays a role in investors’ future returns
expectations; (ii) the mapping from PD ratio to expectations is time-varying - we consider
the following regression as in Nagel and Xu (2021) and Adam and Nagel (2022)

Etrs,t—i-l — 1y = Bo + Pilog(PDy) + e, t=1,...,T (47)

where IAEtfr&tH is the survey expected market return of one-year ahead at time t. Following
the Nagel and Xu’s (2021) approach, we imputed the market return expectations by
regressing expected market returns on own portfolio expectations using the part of the
sample where both are available and using the fitted value from this regression when the
market return expectation is not reported.

The first hypothesis can be tested by assuming §; = [ for all . Table 4 indicates
that the estimated coefficient of log PD ratio (i.e., 8) are around 0.0269 for the UBS
survey and 0.0229 for the Nagel and Xu (2021) data. We estimate the same regression on
model-generated data and the result is remarkably close. As Table 4 shows, the model

implied regression coefficient is 0.0240.%°

To test the parameter stability, we follow the methodology proposed by Nyblom (1989)

and Hansen (1992). We extend the standard regression model and allow the regression

25Regarding the UBS survey, the expected return on an individual’s own portfolio over the upcoming
year is closely aligned with the expected market return for the same period. Moreover, as evident from
the Figure, the UBS survey changed its survey questions over time. Before 2003 the respondents reported
both the return expectations on their own portfolio and expectations on market return one year ahead,
while from 2003 onwards, respondents report only the return they expect on their own portfolio one year
ahead.

26The regression coefficient for finite memory model is 0.0148. Both are calculated as the mean of
1000 simulations.
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Table 4: Survey Return Expectations and PD ratio

UBS survey Nagel and Xu (2021) Data Model
Estimate (SE)  Estimate (SE) Mean 5% 95%
log PD 0.0269  (0.009)  0.0229 (0.005) 0.0240 0.0112 0.0368
R? 0.08 0.14 0.22
(a) UBS survey (b) Nagel and Xu (2021) Data
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Figure 4: Time-varying parameter estimations

coefficients to evolve randomly over time, specifically,

Br = Bi-1 + v (48)

where &; and v; are uncorrelated. v; is i.i.d N (0, 72G) (where G is assumed to be known),
so that the coefficient 3, follows a random walk and thus evolves smoothly but randomly
over the sample period. When ¢; is i.i.d N(0,02), this is refereed as the “time-varying
parameter” model (see e.g., Cooley and Prescott, 1976). Under the null hypothesis 5, =
for all . A rejection of the null hypothesis implies the parameter is unstable, and thus
investors’ way of forming expectations based on past price-dividend ratio is time-varying.
The Kalman filter is then applied, where 3, is the unobserved state vector, (48) the state
equation, and (47) the measurement equation. Figure 4 plots the estimation of 3, for
both datasets. Figure 5 plots the actual value of expected excess return versus the fitted
value from constant parameter regression and the smoothed value from TVP regression.
It is evident that the smoothed expected excess return from the TVP regression fit much
better to the actual data, which further suggests the rejection of a constant 5. When
we apply a formal test for time-varying coefficient f; = S following Hansen’s (1992)
approach, the Lagrange Multipliers for both datasets are estimated to be greater than
the critical value of 0.47, therefore, we reject the null hypothesis that 5, is constant at 5

percent confidence level.
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(a) UBS survey (b) Nagel and Xu (2021) Data
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Figure 5: Actual and fitted expected excess return

6.5 Comparison with the LRR Model in Bansal and Yaron
(2004)

This subsection discusses the relation between our model and the LRR model pioneered by
Bansal and Yaron (2004). Both models feature low-frequency fluctuations in consumption
growth and stochastic volatility, which induce changes in the agent’s SDF. In contrast
to our model, Bansal and Yaron (2004) assumes RE and an exogenous AR(1) process
for stochastic volatility, o7,; = 0 + v1(07 — 0) + oW1, where 02 is the unconditional
variances of consumption and vy is the persistence of the volatility process. Consequently,

the pricing kernel is affected by the volatility shock w;4
M1 — Eymyy = A;mUtﬁtH - )\;n,efftetﬂ - )\;n,waUJHl (49)
and the equity premium in the presence of time-varying volatility becomes

Ei(rmis1 — Tpe) = 5;,%6&%603 + Bl A w0 — 0.5Vary(ryi11) (50)

m,w”  m,w” w

A few observations follow. While Bansal and Yaron (2004) introduces time-varying
consumption volatility, we introduce a time-varying expectation formation process. Com-
paring the equity premium equations (50) and (40), it is clear that both specifications can
induce a time-varying compensation for the LRR. Despite this similarity, the two models
are not observationally equivalent. First, they have different implications for the correla-
tion between observed consumption growth and asset returns. In our case, the changes in
the compensation to expected consumption growth are driven by the expectation forma-
tion parameter b;, so that the correlation between consumption growth and asset returns
is relatively weak, as observed in the data. Second, in Bansal and Yaron’s (2004) setting,
the compensation for the volatility shock is constant. In contrast, the compensation for
the expectation formation shock varies over time and positively correlates with the devia-

tion of current prices from the fundamental one. Moreover, our time-varying component
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Table 5: LRR Parameter Estimates

Parameter Bansal and Yaron (2004)’s Estimated
original calibration value
> 10 12.6277
(6.0513)
1) 0.9989 0.9999
(1.0119)
" 15 1.0890
(0.9666)
P 0.975 0.8763
(0.7481)
Ve 0.0373 0.1085
(0.8499)
o 0.0072 0.0065
(0.9980)
W 0.0015 0.0020
(1.0034)
L 0.0008 0.0020
é 25 3.0579
(1.1576)
V4 5.96 5.1702
(1.2144)
1 0.999 0.9236
(0.9616)
Ow 2.4e-06 2.4569e-06
(1.0042)

The table presents Bansal and Yaron’s (2004) original parameter values in
column 2 (however, as their parameters were calibrated based on period 1929
to 1998, we slightly adjusted their original calibration to better match the
data moments in this paper) and the estimated parameter values in column 3
(with standard errors reported in parentheses). The SMM is used to obtain
the estimates. The model simulates on a monthly basis and appropriately
compounds to the annual frequency.

arises endogenously from the time-varying expectation formation process, whereas the
time-varying volatility in Bansal and Yaron (2004) is exogenous. Despite this, our model
have better quantitatively performance than the Bansal and Yaron’s (2004) one, as we

show next.

Estimation Result. In evaluating the quantitative performance of the LRR model,
we first focus on Bansal and Yaron’s (2004) original calibration.?” Then, for a fair com-
parison, we also utilize the SMM method described in the previous section to estimate
the model. The parameter values in both cases are reported in Table 5. In the esti-
mation, we assume that the agent’s decision interval is monthly and then appropriately
compounded to match the annual data. Notice, however, that the structural parameters

in this case are estimated less precisely, especially the risk-aversion factor and the TES.

2"In Bansal and Yaron (2004)’s original calibration, their parameters were originally calibrated based
on the period 1929 to 1998; therefore, we slightly adjusted their original calibration to better match the
data moments in this paper.
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Table 6: LRR model performance

U.S. Data Calibrated Model Estimated Model

Mean stock return E,.s 7.79 5.26 5.31
(1.83) (1.43)
Mean bond return E,» 0.45 0.45 -1.16
(0.49) (2.11)
Mean PD ratio Epp 32.05 33.13 35.60
(1.43) (-0.71)
Mean dividend growth Exp/p 1.74 2.16 3.20
(1.12) (-1.82)
Std. dev. stock return o,s 18.71 18.26 14.64
(0.94) (2.23)
Std. dev. PD ratio opp 16.40 5.47 3.24
(2.05) (3.42)
Std. dev. Dividend Growth oap/p 10.67 11.29 12.76
(1.60) (-0.79)
Std. dev. bond return o,s 3.91 0.94 1.25
(0.43) (3.59)
Autocorrel. PD ratio ppp,—1 0.90 0.56 0.17
(0.12) (7.66)
Mean consumption growth Enc/c 2.01 1.85 2.50
(0.32) (-1.44)
Std. dev. consumption growth oac/c 2.96 2.79 2.70
(0.32) (0.42)
Autocorrel. consump. growth pac/c 1 0.61 0.80 0.14
(0.12) (0.31)
Autocorrel. dividend growth pap/p,—1 0.24 0.31 0.03
(0.37) (0.45)
Corr. corrac/c,ap/p 0.47 0.55 0.18
(0.13) (1.96)
Predictability Spp -0.0110 -0.0098 -0.0145
(0.003) (0.9524)
Predictability R? 0.1327 0.0804 0.0348
(0.086) (1.0622)
Contemporaneous correlation between 0.03 0.07 0.14
stock return and consumption growth (0.11) (-0.95)
Correlation between stock return -0.13 0.52 0.03
and one-period lag consumption growth (0.27) (-0.59)
Test statistic WN 558
p-value of Wi 0

The table compares the asset-pricing moments from the US data (column 2, with standard errors reported in paren-
theses) with the one implied by the calibrated and estimated Bansal and Yaron’s (2004) model (column 3 and 4,
respectively, the t-ratios for each moment are reported in parentheses). The t-ratios are calculated as (data moment -
model moment)/(estimated standard deviation of the model moment). The measure of the overall goodness of fit Wi,
defined as (45), and the corresponding p-value are reported in the last two rows of the table.
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The larger standard errors point out difficulties in the estimation, as well documented in
the literature (Bansal et al., 2016).

The model moments are reported in Table 6. Columns 3 and 4 display the model
moments under calibration and the ones obtained by estimating the model using the
SMM, respectively. It turns out that our model outperforms the LRR in terms of both
individual moments and overall fitness. In particular, despite the LLR model matching
relatively well the levels of equity-premium and price-dividend ratio, the model falls short
of the data on some dimensions - the high volatility of price-dividend ratio and market
returns as well as the high persistence in the price-dividend ratio (of which t-ratios greater
than 2). This might be explained by the fact that the LLR model loads all the uncertainty
onto the supply side and thus the price fluctuations only come from fluctuations in the
fundamentals, which is considerably small in the data.

Appendix E shows that our key insights hold also in a very different framework, as
a simple version of the Lucas (1978) model. Adam et al. (2016) use this model to show
that a departure from RE - in the form of a learning model - enables even such a simple
asset pricing model to reproduce a variety of stylized asset pricing facts quantitatively.
We then use the same Lucas (1978) model, but we embed in it our deviation from RE.
We show that the expectation formation mechanism proposed in our paper improves
the replication of both individual moments and the overall goodness of fit with respect
to the learning mechanism in Adam et al. (2016), for both the finite memory and the
decay memory model. Therefore, the improvement in the quantitative performance of our
approach is quite robust, because most of the results continue to hold even when applying
to the simplest version of the Lucas (1978) model with time separable preferences and

standard stochastic driving processes as in Adam et al. (2016).

7 Robustness Checks

This Section presents robustness checks for the quantitative results in the previous Sec-
tion, to deal with two possible concerns: (i) the random walk assumption for the stochas-
tic process governing b; (ii) the speed of the fading memory. We show that our results
survives to changes in both (i) and (ii).

First, the random walk assumption is not crucial for our results. We use this as-
sumption as a benchmark because it is very often used in the time-varying parameters
empirical literature and it is very convenient to convey intuition with the analytical ex-
pressions in Section 4. However, one might be concerned about the fact that it would
imply possible unbounded solutions or undefined unconditional moments, which might
pose a challenge to our econometric approach. We then estimate the model assuming
that b, ~ AR(1) with an unconditional mean equal to 1, the RE benchmark, such that:
(by = 1) = pp(bi—1 — 1) + 0p&, with & ~ iid N(0,1). The first two columns of Table
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7 and columns two and three in Table 8 show the estimated parameter values and the
quantitative model performance, respectively. The estimated value of pj, is around 0.997
for both the decay and the finite memory cases, signalling that indeed the model calls
for a very persistent process for the time-varying expectations. Other parameters are
almost unaffected, with the exception of a higher degree of risk aversion, -, for the decay
memory case. The overall empirical performance of the model is also only marginally
affected. Again both models cannot be rejected at 5% significance level according to the
p-value of the Wald test, with the decay memory model performing relatively better with
a p-value higher than 10%.

Second, our estimated degree of memory decay implies a memory span of roughly
seven years and a half life of just one year. This is faster than other estimates from
the literature. For example, Nagel and Xu (2021) find that the estimated impact of
events on memory has a half-life of ten years, corresponding to a value of lambda of
0.9942. Moreover, this latter value is more in line with the estimated persistence of the
fundamental LRR, z;, that generates a similar half-life of ten years. Hence, one might
argue that it might be odd that investors use only seven years of lagged data when the
half-life of the fundamental shock is ten years. We then estimate the model imposing for
A the same value as in Nagel and Xu (2021), still assuming that b; follows the same AR(1)
as above. The last columns in Table 7 and in Table 8 show the estimated parameter values
and the quantitative model performance. The results are very similar to our benchmark
case, both in terms of estimated parameters and in terms of model moments. The overall
empirical performance of the model is also similar to our benchmark model with a p-value
of the Wald test higher than 15%.
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Table 7: Parameter Estimates, b, ~ AR(1)

Parameter Finite Decay Decay (fixed \)
¥ 3.8857 5.7056 4.1241
(0.1225)  (0.1306) (0.1808)
0 0.9956 0.9946 0.9947
(0.0005)  (0.0005) (0.0002)
P 1.1624 1.3697 1.5550
(0.0462)  (0.0229) (0.0924)
p 0.9925 0.9750 0.9752
(0.0012)  (0.0093) (0.0019)
Ve 0.1050 0.0683 0.1764
(0.0181)  (0.0152) (0.0077)
o 0.003 0.0061 0.0033
(0.0003)  (0.0004) (0.0002)
" 0.0017 0.0016 0.0016
(0.0002)  (0.0001) (0.0001)
[0) 2.1430 2.4629 1.9047
(0.2451)  (0.1684) (0.0474)
Vd 8.5846 3.8976 8.0736
(1.0564)  (0.4815) (0.4968)
o 0.0302 0.0457 0.0412
(0.0075)  (0.0111) (0.0046)
Pb 0.9968 0.9971 0.9969
(0.0013)  (0.0004) (0.0006)
T=8.7072 M= 0.9419 0.9942
(1.6249)  (0.0006) )

The table presents estimated parameter values for the finite memory and
decay memory models (with standard errors reported in parentheses).
The model simulates on a monthly basis and appropriately compounds to
the annual frequency. The Simulated Method of Moment method is used
to obtain the estimates.
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Table 8: Quantitative Model Performance, b, ~ AR(1)

U.S. Data Finite Decay Decay (fixed \)
Mean stock return FE,.s 7.79 5.82 6.03 6.32
(1.83) (1.05)  (0.96) (0.76)
Mean bond return E,» 0.45 0.81 0.83 1.10
(0.49) (-0.83)  (-1.00) (-1.12)
Mean PD ratio Epp 32.05 34.67 34.91 35.08
(1.43) (-1.94) (-1.85) (-0.95)
Mean dividend growth Eap/p 1.74 2.71 2.42 2.42
(1.12) (-0.88)  (-0.61) (-0.59)
Std. dev. stock return o, 18.71 19.25 18.56 19.25
(0.94) (-0.59)  (0.28) (-0.347)
Std. dev. PD ratio opp 16.40 18.09 18.68 18.50
(2.05) (-0.83)  (-1.04) (-0.78)
Std. dev. Dividend Growth oap/p 10.67 11.29 9.83 10.87
(1.60) (-0.39)  (0.60) (-0.10)
Std. dev. bond return o, 3.91 3.59 3.86 3.84
(0.43) (0.74)  (0.12) (0.11)
Autocorrel. PD ratio ppp,—1 0.90 0.81 0.79 0.78
(0.12) (0.70)  (0.92) (0.92)
Mean consumption growth Eac/c 2.01 2.15 2.03 1.94
(0.32) (-0.49)  (-0.08) (0.18)
Std. dev. consumption growth oac/c 2.96 2.98 2.98 3.11
(0.32) (-0.08)  (-0.10) (-0.32)
Autocorrel. consumption growth pac/c -1 0.61 0.76 0.36 0.67
(0.12) (-0.05)  (0.09) (-0.02)
Autocorrel. dividend growth pap/p,—1 0.24 0.24 0.20 0.19
(0.37) (-0.00)  (0.05) (0.06)
Corr. corrac/c,ap/p 0.47 0.48 0.36 0.47
(0.13) (-0.08)  (0.98) (0.03)
Predictability Spp -0.0110  -0.0129 -0.0122 -0.0119
(0.003) (0.69)  (0.45) (0.35)
Predictability R? 0.1327 0.0909 0.0847 0.0804
(0.086) (0.49)  (0.58) (0.60)
Contemporaneous correlation between 0.03 0.48 0.17 0.24
stock return and consumption growth (0.11) (-1.76)  (-1.48) (-1.75)
Correlation between stock return -0.13 0.10 0.05 0.07
and one-period lag consumption (0.27) (-0.44)  (-0.35) (-0.39)
growth
Test statistic Wy 9.1351  9.49 7.358
p-value of Wy 5.78%  11.8% 15.8%

8 Conclusions

We propose a novel mechanism for asset pricing models based on two features: (i) limited

memory; (ii) time-varying expectations. The first assumption guarantees that the model
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is stable over long horizons, but opens up the possibility of many different temporary
equilibria. The second assumption borrows from Ascari et al. (2019) the idea of modelling
a multiplicative sunspot shock to select one equilibrium among all admissible ones. This
sunspot shock has an appealing economic interpretation as a time-varying expectation
formation process, because it entails a change in the way agents combine past data to
calculate their expectations.

These two assumptions allow for the possibility of temporary explosive trajectories
and boom-and-bust behaviour typical of asset price dynamics. Intuitively, our persistent
sunspot shock can induce “momentum” on stock prices, while the limited memory as-
sumption implies “mean reversion” over long horizons to stable fundamentals. We thus
embed this mechanism in the standard Bansal and Yaron (2004) model of LRR, featur-
ing Epstein-Zin preferences and a persistent predictable component in LRR. However,
contrary to Bansal and Yaron (2004), we do not assume stochastic volatility, because our
mechanism generates it endogenously.

The resulting model is able to quantitatively reproduce a variety of stylized asset
pricing facts, such as the equity premium, excessive volatility and persistence of price-
dividend ratio, the relatively weak correlation between returns and fundamentals and the
observed predictability of excess returns by lagged price-dividend ratios. Moreover, de-
spite the assumed time-varying expectation formation process imposes some theoretical
structure on the stochastic volatility, the quantitative performance of our model outper-
forms the Bansal and Yaron (2004) model, implying that the expectation process seems
corroborated by the data.

Furthermore, the model also generates empirical plausible subjective expectations.
We use both the survey data in Nagel and Xu (2021) and the UBS/Gallup Survey data
to show that there is a positive correlation between the PD ratio and survey expected
returns. Our model is able to replicate very closely the regression coefficient of expected
one-year ahead survey market return on the PD ratio in both surveys. Although the
previous literature studied the positive correlation between price-dividend and expected
returns, we uncover a novel fact showing that this relationship varies over time, as implied
by the time-varying expectation formation process in our model. This empirical fact was

one of the main motivation to introduce this process in our model in the first place.
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Online Appendix

A The simple example: derivations

Muth’s (1961) original formulation states that the RE solution should be a function
of all the past, present and expected future structural shocks as described in (4). Plug
this back to the expectation difference equation (1) we have

o0 o0
E ujes—j+bey + E ciEiey =
=1 j=1

eEt(Z Ujgt—l-l—j + b€t+1 —+ Z Cj Et—i—l €t+1+j) + &

j=1 j=1

(A1)

where u;, ¢; and b are coefficients to be determined. Equal coefficients of €,_; gives the
expression for u’s:

1
£t b:0u1—|—1:>u1:§(b—1);
Ei_1t U :971,2 = Uy = 511/1,
1

E—r i Ur = Ourss = upy = EUT§

and solve for ¢’s:

1+ 1 = 0b

Erro: Co =0

Eipr i cp = Ocpy

The coefficients u’s and ¢’s can be represented by the parameter b, and thus the set
of solution can be parameterized by b

b= D5V (0= Dy +be+ > M Ec, (52

J=1 J=1

For white noise shocks, the solution becomes

oo

b= (G = e+ be

=1

Model (1) has an infinite number of solutions (each one corresponds to a particular



value of b) due to the presence of the forward-looking component. In fact, the expectation
term in that model, under the rational expectations hypothesis, is a conditional mean
that can be written as a weighted average of the past observations (see Muth (1961))

Ei gy = Z Vilip1—i = Z (b - 1) (%) Yt+1—i (A3)
i=1

=1

Proof. Without loss of generality we assume white noise shocks. From the solution
[ee} 1 7
Yy = Z (§> (b — ]-)5t—j + b&ft (A4)
j=1
The expectation is then
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Finite memory
Under finite memory and the time-varying expectation formation process, the original
Muth (1961)’s formulation (4) becomes

T fee)
Yt = Z Uj tE¢—j + btgt -+ Z Cit Et Et4j (A5)
j=1 j=1
At time ¢, the information set of the agent is given by Z; = {&;,€¢-1,...,6—1}. Based on




this information set, she forms her expectations

Et 41 :E(yt+1|Zt) =E (yt+1|5t7€t—1» e ;5t—T)

T+1 00
=E, E Uji+1€141—j + D161 + E Cii1 eyt €114 (A6)
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This particular form of expectation implies that the agent does not internalize the limited
memory.

Now use (A5) and (A6) to substitute for y; and E; 3,11 in the expectational difference
equation (1),

T )
E Uj,tgt—j+bt5t+ g Cj,tEt5t+j:

j=1 j=1
T+1 [e’s)
0 E, E Ujp+1€t41—5 + bep1€e41 + E Cjtt1 Bt Epp14j | + &t
=1 j=1

Again, equal coefficients to find an expression for the u’s:

1
gr: by =0Eiui 1+ 1= Eiupq = a(bt —1);
1

gm1: Uiy = OE ug ey = Epugyq = gul,tS
1
Emry1 i Up—1p = OB uryp1 = By urgpr = Sur—1y;
0
1
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and for the ¢’s:

Eir1: Crp = 0K by
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Et+T - CTt = 0 E, CT—1t+1

Therefore, parameters u;; and c;; are defined by the path of b;. If b is constant, we
have u; = %b and ¢; = 07 are constants as well. And the solution is

T

1., =
ve =D (Y (0= Dery+bert D b Erery (A7)

j=1 j=1

If b; follows a random walk, i.e., by = b;_1 + o3&, with & i.i.d N(0,1), and therefore
E; b;.1 = b;. The solution for the expectational difference equation can be parameterized
by b;. To derive the solution, assume that w1 = F(by11), we need to find the formu-



lation of F' such that b; = %Et uy 41 + 1 is satisfied, given the stochastic process for b;.
Guess that F' is linear,
Ul 41 = Qg + A1bep

then
bt = GEt[ao + albtﬂ] +1
= 9[&0 + albt] +1
gives
1 1
ag = —— a; = —
°T g T
which gives u; ;41 = —% + %btﬂ, bring one period backward we get u;; = —% + %bt.

Analogously, assuming us ;1 = F'(by+1) is linear, i.e. ug41 = do + dibyyq then

Uy = 0 Ey[do + dibyg]

= 0[do + db,]
gives
L _ Lo

By the same reasoning, we can rewrite ¢;’s as functions of b;. Then the set of solutions
can be represented by b;.
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Decay memory
Under decay memory, the original Muth (1961)’s formulation (4) becomes

Yp = Z uj,tkjé?t_j + biey + Z Cit E, Et4j (A9)
j=1 J=1

At time ¢, the information set of the agent is given by Z; = {&;, A\e;_1, N%;_9, ...}
Based on this information set, she forms her expectations
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Now use (A9) and (A10) to substitute for y; and E; y;41 in the expectational difference
equation (1),

o0 0o
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Again, equal coefficients to find an expression for the u’s:

1
g b=0Eui s +1=Eiu = g(bt —1);
1
Em1 i AUy = OANE ug i1 = Erug e = guLts

and for the ¢’s:

€41+ Cit = O beyq
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For constant b, = b, the coefficient for e,_;, Vj is u; = (b—1) (%)j, and the coefficient
for Eyepyj , Vi is ¢; = b67.

Yerj+be+bY By (A11)

j=1

’Cbl>/

For by = b;_1 + 0, follows a random walk process, the solution is

bt — 1 Z 5 5,5_]' + btgt + bt Z ejEt€t+j (A12)

Jj=1 Jj=1

As \ < 1, the past shocks have dampened impacts on current equilibrium just because
the memory loss. In cases where A > 6, transversality condition gives the unique solution,
coinciding with b = 1. In the case where A < 0, transversality condition cannot help us
pick a unique solution.

Under the time-varying expectation formation, the expectation is written as (with
white noises),

o -1
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=1

Derivation:
Start with the solution (A12) and assume E,e,,; =0, Vj

Ye = Z(g)] (br — D)er—j + bige
7=1
Bring the solution one-period forward and take expectation
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For constant b, the expectation under decay memory becomes, this is equation (11)
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B A Decay Memory Asset-pricing Model

B.1 Model derivations

Recall that the Euler condition in equation (18) implies that any asset i should satisfy
the following pricing restriction, (this is just the log form of the Euler equation (18))

0
E, {GXP (9 log(é) - Egc,tJrl + 6Ta,t+1>:| =1 (A15)

where the lowercase letters refer logs.

Solution for Wealth Return r,;;:
Note that when substituting r; 411 = 74411 then (A15) becomes

0
Eq {GXP (9 log(d) — Egc,t—i—l + 9ra,t+1):| =1 (A16)

We start by conjecturing that the solutions for the endogenous variables z; are a linear
function of the discounted past, present and expected future values of x’s but subject to
decay memory constraint, i.e. the time ¢ information set is I; = {zy, Az;_1, N2xy_o, .. 3.

| I



Guess the solution of log price consumption ratio z; = log(P;/C}) has the following form:
1 o0 ) [ee]
2y = Ao’t + (1 — @) (Z Uji)\JQ?tfj + btxt + Z Cj,tEtxH»j)
j=1 j=1

where the parameters Aoy, u;j¢, by and ¢, are coefficients to be determined. Followed by
that the expectation of z;,1 at time ¢ given information set I, has the form
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Armed with the endogenous variable z; and its expectation, we plug the approximation
Tat+1 = Ko + K12+1 — 2t + ges41 into the Euler equation (A16). The solution coefficients
can be derived by collecting the terms on the corresponding state variables.

Using the undetermined coefficient methods as in Appendix A, the log price-consumption
ratio is given by

Il 1. . - .
Zt = AO,t —l— (1 — J) [Z(K/_)j)\](bt - 1)xt_j + btl’t + bt Z(/{lp)]xt]
j=1 1 j=1
with
1 0.1 0o\’

= (1) = s 507 [t (12 )
where -

Xt = Z(i)J/\thf + L Ty

P! T l—kap
Solution for Market Return r,,,.1:
When 7; 441 = 7441 the log-linearized Euler equation becomes
0
E, [exp <9 logd — agc,tﬂ +(0—1)roe + rm’t+1):| =1 (A17)

Plug in the linearized expression for 7; ;11 and 7y, 411

0
1=E, |:6Xp (9 log(5)_Egc,t+1+(‘9—1)(/fo+fi12t+1—Zt+9c,t+1)+ﬁ0,m+51,m2m,t+1—Zm,t+9d,t+1)}
(A18)

Guess that the solution for the endogenous variables z,,; are a linear function of the
discounted past, present and expected future values of x’s, i.e. the time ¢ information set
is T; = {@, A\xs_1, \T4_o,...}. Analogously, plugging the guess into the pricing equation
(A18) and equating the coefficients of the state variables and constant. Replacing the
consumption and dividend growth processes and of the price-consumption and price-
dividend ratios, and solving for the expectations, we obtain the solution for z,, :



th_AOmt+ ¢—— [Z —1)1',5 ]“_btl't—{—th(/ﬁ]me)jxt]

K
1m j=1

Solution for the risk-free rate r;4:
To solve for the risk-free rate, we substitute R; ;.1 = Ryfs+1 then (A15) becomes

0
E, {exp (9 logd — —Gept1 T+ (9 - 1) Tat+1 + rf,t—&-l)} =1

(8

In logarithms, the Euler equation is:

i1 = — log(Ey(exp(my41)))

0
— log (IEt(eXp(@logcS — —Gear1+ (0 —1) ra,m)

(4

Further solve the above expression gives

B 11 6.1 ., ., 18 2
e == log(0) + = (1= )35~ %% = 1 [(5 +1- )]
— 1(1 — 9)(1 _ 1)2 /4;2( 1 )2g0202b2 — g2 [Xt]2 _ 5202< 1 )280202
2 'l/} 1 1_K/1p e t b 1¥b 1_/1110 e

B.2 Analytical results: derivations
This section provides the derivation of the analytical results in the main paper.?®
Price-dividend ratio:

To derive the persistence of price-dividend ratio (i.e., equation (34)), we define Z as the
deviation from the usual RE solution,

2m,t EZm,t - Zﬁfﬁ;
B —, A 1 1 1 (A19)
= (b — 1) (;(m’m) (¢ — E)l"t—j + m(¢ - E)It>

%8The time-varying component in the Ag and Ay, were abbreviated when deriving the analytical
solutions as it does not affect the main results, but this impact was considered when doing the quantitative
analysis.



Moving the above equation (A19) one-period forward we get,

5 _ RE
Fmt+l = Emt+l — Pmttl

= (b1 — 1) (Z( AR — %))

j=1 F‘:lvm w 1 - 'Lil,mp

— (b 1) (lm S (6= Dha s+ 26— D+ (6 -~ )

= Fim (0 K1m (0 1 — Kimp (0
4] A Zmt 1 1 A 1 1 1
b 1 = — - — — (¢ — — —(p— —
(b = 1) (Klm ((bt -1 1- /<:1,mp(gZS @D)xt) * K1,m @ @D)xt s %1,mp(¢ @D)xm
)\ bt+1 —1 1 PeO 1
= by — 1 —— ) —— — (1=
P Zmt + (bega )¢ ¥ 1_ Iimeet-H + T rimp ( ) P
B A b 1 DO
~ P tb':l_ 1 th =+ (bt+1 — 1) <¢ — E) met+1 as A — 1
[A] follows that by simply rearranging (A19)
A 1 Bt 1 1
o — —)xy—j = — — — —)z
;(K/l’m) (¢ w) t—j (bt_l) 1_K1’mp( w) t
[B] follows that as A — 1, the memory loss term
(br —1) (6 — 2 L0 ) =0
- —— [0 =)N)px
t+1 v [R— Py
The stochastic volatility (35) in the text is derived as followed: for b; # 1, the variance
of Zm,t+1
Var(z = Var, | (¢ — l i( ! YN by — Dy + b ;aj 1
t m,t-‘rl t w j= Ftm t+ t+1—j t+1 1_— Fmp t+
=Var, | (¢ — — _b i( ! YN+ L py |+ b —27 e
t t+1 2 g T 7 ™ . g !
V@Tt bt 1 ) + big1(0d — l) 7l T €yl
- + m
it~ s 1 = Ky mp
_ 9 m +bz(¢_l)z (L)Qﬂzw_l)z (L)Q
"fl m mt (0 I — Kimp ’ (0 1 —Kimp

RE\ 2 2 2
(D] Ub Emt — Pmit 2 I PeO 2 I PeO
pt V(h— =) [ —e _ - _ FeY
K1,m ( 1—b ) ol ¢) (1—51,mp) oo w) 1 = Kimp



[C] follows that

SN 1
e =T 2y and =
[D] follows that
2y = (L= b))zl + bz = Zmt — = (b — D)(zFT — 20, ,)

Equity premium: derivations
First, stochastic discount factor is a function of r,;41 and gety1.

0
My = 0log o — Egc,z%l + (0 = D)ra e

0
= 0logd — Egc,t+l + (0 — 1)(ko + k12141 — 2 + Geut1)

Substituting the equilibrium return for r,,4; into the equation, it is straightforward to
show that the innovation to the pricing kernel is

0 0
M1 — Eymyyy = _Egc,t—ﬁ—l + (0 — 1) (k12041 + Gerr1) — By |:_Egc,t+1 + (0 — 1)(K12e41 + gc,t+1):|
0
= (_E +0 — 1) (gc,t+1 - Etgc,t+1) + (9 - 1)%1 (Zt+1 - Et2t+1)
1

0 NP
:—(1—9—1—@)077&1—(1— /ﬁl—ilzﬁ $t+1j 1

Jj=1 !

1
th] b1
— K1p

- (1 - 9)51(1 - %)btﬂl_(p—;pa@tﬂ
_Am,nantJrl - )\m,g,tHUbftH - )\m,e,t+10€t+1
(A20)
where A, 5, Amerr1 and Ay, 41 captures the pricing kernel’s exposure to the inde-
pendent consumption shocks, 7,41, to the expected growth rate shock, e, 1, and to the
time-varying expectation shock, &, 1.
Equation (A20) already provides the innovation in m; ;. We now proceed to derive
the innovation in the market return. Recall that the return

"mi+1 = Rom + R1mZmt+1 — Zmpt + gdt+1

10



Then

Tmat+1 — i1 =K1m Zmat1 — ErZmatt) + (Gaee1 — ErGai1)

Lol A 1
=f1,m(P — E) [Z(K_)J%H—j + T/mt] €111
1 i=1 11”” 1P (A21)
+ Kim (@ — J) 11—~ pbt+180e<7€t+1 + Yao U1
- vm,1
=B 141065141 + Bmoet+10€141 + B u0Uisr
where
Bm,u =®d (A22a)
I =, A 1
Brmgpr1 =Fim(d — E) Lzl(m)]xtﬂ—j + mpxt] (A22b)
1 1
Bunet+1 =K1,m (¢ — E)l_—wbt—i-l (A22¢)
Moreover, it follows that
Vary(rme+1) = Bmu + Bmeri1)’0” + 572n,g¢+102 (A23)

The risk premium for any asset is determined by the conditional variance between
the return and myy,. Thus the risk premium for the market portfolio 7,1 is equal to
Ey(rm i1 — 7re) = —cov(musr — Eymygr, g1 — B¢ rer1) — 0.5Vary (1, 441). Using the
innovations in the market return and the pricing kernel, the expression for the equity
premium is

Et(rm,t—i-l - 7“f7t) = 5m7e7t)\m,e,to_2 + Bm,g,t)\mg,tgg - 0-5V6lrt(7’m,t+1) (A24)

C A Finite Memory Asset-pricing Model

C.1 Model derivations

In this section, we follow the same steps as in Section B.1. Recognize that, in both decay
memory and finite memory, the agent has the same preferences and utility function, and
thus both model have the same log Euler equation (A15).

Solution for Wealth Return 7,;.::
We start by conjecturing that the solutions for the endogenous variables z; are a linear
function of the finite past, present and expected future values of x’s but subject to finite
memory constraint, i.e. the time ¢ information set is I, = {x;, 41, T2, .27}

T 9]
1
2y = AU,t —+ (]_ — E) Z uj,tl‘t—j + btwt + Z Cj,t Et .Z't+j (A25)

j=1 j=1

where the parameters Ao, u;¢, b and c;¢. Under the finite memory assumption, the

11



expectation at time t given information set I; would have the following form

Etzt+1 :E(Zt+1|$ta$t—1>$t—2a~ L T)

T+1
=E; | Aoy + (1 — E ZutJrl JTtr1—j T bep1Tey1 + ZEtJrl Ci1,Te+145 | (A26)
Jj=1 j=1

Approximate that 7, 141 = Ko+K12141— 2+ Ges+1 , and by the same procedure as described
in Section B.1, we get

A 0o
1 1 A
Zt = AO,t + (1 — ’QZ)) Z ,L{,_l ZEt —j + btxt + bt Z(/{p)]l't]
0 = (A27)
1 1 1
= AO,t -+ (1 — —> bt — 1)%} —j -+ bt Ty
(8 = /<01 — kp
with
Apy = log(6) + (1 — S+ ko + o (1 — 22 (02 4 x2(—P7_yz2 _ y252
0.t " " 0T 5 " N ki b
where ¥ = ZTH( )2+ it

Solution for Market Return r,,;.1:
When 7,441 = 741 the log-linearized Euler equation has the same form as equation
(A17). We conjecture that the solutions for the endogenous variables z,,; are a function
of the finite past, present and expected future values of x’s but subject to finite memory
constraint, i.e. the time ¢ information set is I, = {x;, 241, %42, .27}

1
= Aoms + (0 — = Zujtxt —j +bt$t+ZC]tEt$t+g

A
" 2. (A28)

where the parameters A+, u;, b; and c;, are coefficients to be determined. To use the
method of undetermined coefficients, we start by plugging the expressions for the two
returns (i.e., rep1 = Ko + K12041 = 20+ Gear1 a0 T g1 = Kom + KLmZm, 41 — Zmt + Ga,p+1)
into the above Euler equation

0
1 =E, {exp (9 log(5)—E9t+1+(9—1)(/‘€0+/€1zt+1—Zt+gt+1)+H0,m+/€1,m2m,t+1—Zm,t+gd,t+1)]

Plugging the conjectured solution of logarithm of price-dividend ratio (A28) into the
above equation and collect the terms on the corresponding state variables (i.e., the same
procedure as described in Section B.1)

T o0
1 I ‘
Zmt = Aomi + (6 — =) Z(—)J(bt — Dayj + by + by Z(/@-me)jxt]

¢ — Rim j=
L j=1 7=1 (A29)
1 [, 1, 1
= Ao+ (¢ — E) ;(F"’l,m Y (by — 1)y + btm%]

12



C.2 Analytical results: derivations

This section provides the derivation of the analytical results for the finite memory model.?’

In general it has similar procedure as the decay memory case.

Price-dividend ratio: Derivations
Notice that we can rewrite the solution for z,,, (i.e., equation (A29)) as the sum of the
usual RE result and a backward-looking component

1
¢ — 1
Zmt = bt AO,m + (bt - ]- AOm + E <¢ - | Ti—y
1 — Ky mp li1 m (G (A30)
usual RE model results, zﬁ backward-looking eq., z?

m,t

When b; = 1, the result is back to the usual RE solution, while for b, # 1, the asset
price can deviate from their fundamental values. Moreover, the deviation from the stable
solution is very persistent. To see this, define Z as the deviation from the usual RE
solution, and therefore we have

4 _ RE
Amt+l = Zmt+l T Pt

= (_)] (bt-i-l - 1) (¢ - %) Ti41—j + (bt+1 — 1) Tlep (gb — %) Tit1

. .
1 1 1y 1 1

- (6—- ) [—S () wy e

(Beaa = 1) ( ﬂ’) (fﬁ,m = <ff1,m) e K1mp fil,mxt) o

1 1 1 1 ¢ — i 1 1
=(b —1 Am - - 1— i p P R
(bet1 ) (lﬁm ((bt — 1)2 T /€1,m/)<¢ 2/}):Cf) + 1- fﬁ,mpxtﬂ + H1,m(¢ ¢)$t

1 byt — 1 1
—m by — 1 — )| —0, —
fﬁ,m b — 1 Zmt T (bea ) " 1_I€me90 0€t11 t—T

where I;_r denotes the memory loss, and it is

I 7= ; (bey1 — 1) (¢ - %) L¢—T

Kim
The last two steps follow that

. 1 1 1 1
g = Zmit — zpg = (b — 1) Z o E):ct,j + (O =) ——(0— )1

j=1 bm

And simple rearrange we get

o 11, 1 1
S (—)V (- )z = = 1) ™~ —— (0 — )m

=1 /fl,m ¢ t 1-— Kl,mp ¢

The time-varying component in the Ag and Ay, were abbreviated when deriving the analytical
solutions as it does not affect the main results, but this impact was considered when doing the quantitative
analysis.
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The conditional variance of z,,,1; under finite memory is given by

2

Zmt — zﬁff 9 1 PeO 2 9
VaTt<2m7t+1> = m Oy + bt<¢ - E) m g, for bt % 1

1 Noa 2
Vary(zm41) = (¢ — E)Q (ﬁTp) 02, for b, =1

It is derived as followed: for b; # 1, the variance of z,, ;11

[ T+1
1 1 .. 1
Vary(zm1) = Vare | (¢ — E) Z(r)J(bt+1 — Do+ bt+1ml‘t+1]>
; 1,m - NMm
L j=1 ’ ’
I T+1
1 1 . 1 PO
= Var ——)|b —Vry i+ ———px | + b ——e
t (¢ w) - t+1 (;( Lm> t4+1—j 1_ /ﬁ,mpp t) t+11 P t+1]>
1 1 N
= Var, [thK (Z:;Et - an,t) + b1 (0 — E)l_go—wetﬂ )
ap ( RE b )2—|—b2(q§ 1)2 Pe0 2+ 2(¢ 1)2 Pe0 ?
=" (z7 —z - — _ o (p— — _—
’i%,m m mt ‘ ¢ - R1,mp ’ 1/} 1- Rimp

2
2 RE 2 2
= +bj(p— =) | ———— | +o,(0— =) | ————
K1,m ( 1—10 > t( ¢) I — Kimp b<¢ ¢) 1 —Kimp

2
Ul? Zmyt — Zﬁg + b2<¢ . 1)2 PeO ?
R1m 1- bt ! w 1 - RimpP

Equity Premium: derivations
The derivation of the equity premium under finite memory follows the same steps as
the decay memory model. First, stochastic discount factor under finite memory can be
derived as

Q

0
My = 0logd — Egc,t—&-l + (0 — Doz
(A31)

0
=flogd — G + (0 — 1)(Ko + K12e41 — 2t + Gert1)

Substituting the equilibrium return for r,.4; into the equation, it is straightforward
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to show that the innovation to the pricing kernel is

_ 0 _ 0
Mir1 — Eemyr = ——Gerr1 + (0 — 1) (k12001 + Gerr1) — Ey |:__gc,t+1 + (0 — 1) (k12041 + gc,t+1):|

¥ ¥
0
= <_E +6— 1) (gc,t+1 - Etgc,t+1) + (9 - 1)'<~'1 (Zt+1 - Etzt—H)
0 1|, 1 1

=—(1-0+— |0 —(1=0)r1 (1 —— — Y+ Tt | O

< ¢) M1 — (1= 0)ra( %U)[;(/ﬁ) A A g t] bet1

1 Pe
—(1—- 1— =
( 0)r1( w)btﬂl — mpU@tH

= —AmnONet1 — A g i4106841 — Amet+10€11
(A32)

The expressions A, ;, Amert1 and Ay, 441 captures the pricing kernel’s exposure to
the independent consumption shocks, 1,1, to the expected growth rate shock, e;1, and
to the time-varying expectation shock, & 1.

The risk premium for any asset is determined by the conditional variance between
the innovations in return and the innovations in the stochastic discount factor. Thus the
risk premium for the market portfolio r,, ¢4+ is equal to Ey(rp, 141 — 75¢) = —cov(mpsq —
Ermys1, Tmgs1 — Eermig1) — 0.5Vary(ry, e41)-

Equation (A32) already provides the innovation in m;.;. We now proceed to derive
the innovation in the market return.

Tmt+1 — I_Et(rm,t—&-l) :Hl,m(zm,tﬂ - I_Etzm,t—i-l) + (gd7t+1 - Etgd,tﬂ)

T
1 1 .. 1
=Pa0Urr1 + K1im (P — E) ;(E)]xtﬂ—j + 1 %1,mpxt+1 Obt41
1 1
+ Kl,mbt+1m(¢ - E)Qpeaet+l

=Bru0Ut1 + Bmet+10€41 + B 41006141 (A33)
Moreover, it follows that

Va?“t(rm,tﬂ) = (5mu + 5m7e7t+1)20—2 + ﬁ?n,g,tﬂag (A34)

Using the innovations in the market return and the pricing kernel, the expression for the
equity premium is time-varying

Et(rm,tJrl - Tf,t) = )\m,e,tﬁm,e,tg2 + Am,&,tﬂm,&,tgg - O'5VGTt (Tm,t+1) (A35)

The market compensation for expectation variation risks is determined by A, ¢ ¢Bm e ¢-

D Derivation of the asset pricing model in a simple
Lucas (1978) setting

This section introduces the time-varying expectation formation process with decay mem-
ory in a simple version of the Lucas (1978) model.
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The usual asset pricing equation

Et [Mt+1Ri7t+1:| - 1 (A36)
where M, is the stochastic discount factor (SDF) that in case of CRRA preferences

: : Cii1 Bt
is given by ¢ o .

We can write the asset pricing equation in terms of price

5 Cit1\ " [ Pi1 + Dina 1
Cy P,

E

Rearrange gives
C’t+1>_7 (Dt—l—l) (Pt+1 ) (C'tJr1>_7 (Dt+1)
o o A37
( Ct Dt Dt+1 Ct Dt ( )

C, 1 /D 1 _ c _
M1 = < é’t ) ( 5; = 7(5t+1) 76:fi+1

with Eyneq = o' ™7 p.. where

+ E,

Denote that

s
pe = El(cf) el] = @ F e (A38)

The equation (A37) becomes

P, [ ( Pip )]
— =k +0E A39
D, t [ Th+1 Dy t [77t+1} ( )

Notice that the above equation has both the current and expected value of price-

dividend ratio, the solution of the above equation given by

. : -1
P, SO da' 7 p.
p,~ Y Z(E) (H”) L A T

J=0

Derivation:
Starting from the following equation

P, P,
L =R, {nt-&-l ( ek )] + Oy [7e41]

Knowing that the solution can be written as a combination of backward-looking so-

lution and a forward-looking one, the forward-looking solution is straight forward

ppf = S0
1 —édalp,

and the backward-looking solution under decay memory is derived by moving the equation
(A39) one period backward, and under the decay memory, apply a decay factor to past
observation
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P A Py

D;  0n; Dy

A < A Pt_2_1)_1
one \ 0m—1 Dy—o

_A A ( A Pt—3_1>_1_i
577t577t—1 577t—2 Dy 57775
Ao 2 _
——1-3 07 = (5) e -

00 A j J -1
=— (5) (H 77ti> Ne—j
§=0 i=0
Proof:

Plug the solution back to the differential equation

o -1
2 A (£ dal™7p,
(by — 1) Z (5) (g 77ti> M—j | + btl—

_ 1-
g ot p;
00 1 j J -1 . 5a1—7p€
= 0E; | nesr | (beg1 — 1) ;(5) gntﬂi N7 1 +bt+1m

The R.H.S can be rewritten as

+ O, [my41]

0o 1 J J -t - 5a1—'yp6 |
LHS =0E; | | (bys1 — 1) jgo <5> gntﬂi N 15 | + bm??mm + 0K [mi41

L -1
1S (1) (£ . - 1=y 6alTTp,
6[((@1) (52(5) (1177) N+ a ’Ype) M ey
Thus,
> AN [ - sat™p
. Z(E) (H”> L A e

+ a7

. . -1
AN [ Sal=7p.
= (b: — 1) (Z (5) (H 77t—z‘> 77tj> + (b — 1) 6a' 7 p. + b;0a' 7 N a2

1 —dal™p,
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A simple calculation would give

5(114,,08 1—v 1—v 5a177p8 1—v
btm = (be — 1) 6o 7 p- + bidox Pl s, + 0o p;
da' p,
bp————— =by+ by————
'1—dalp, et "1 —bal—p,
bt - bt
Q.E.D.

Risk-free rate solves

Therefore the risk-free rate is given by

(%))

= (M”Et [exp (—Wlog 5§+1)D

1 +7ry = ((SEt

-1

As g7, follows a log-normal distribution, i.e., logef,; ~ N <—§, si), which implies

that —ylogef,; ~ N (—7783, 7232>, and applying the log-normal propertiy,

2 1
E; [exp (—7logef, ;)] = exp (—7286 + 57233)

Therefore, the risk-free rate is given by

2 1 -1
1+r= <5a7 exp (—% + 5725§>>

E Comparison with the Learning Model in Adam
et al. (2016)

This section shows that our key results hold even in a simple version of the Lucas (1978)
model. Adam et al. (2016) use this model to show that a departure from RE - in the
form of a learning model - enables even such a simple asset pricing model to reproduce a
variety of stylized asset pricing facts quantitatively. We then embed our deviation from
RE in such a model. We show that our expectation shock in this paper improves the
replication of both individual moments and the overall goodness of fit with respect to the
learning mechanism in Adam et al. (2016).

Model Description. The representative agent has standard time-separable CRRA
preference. Hence, the problem of the agent is to choose (Cj, Sy, By) to maximize the
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intertemporal utility function

E t =, {Co) A4
ot B tz; 8'u(Ct) Z ot — (A40)
subject to the budget constraint
Cy + PSi+ B < (Po+ Dy)Sio1 + (14 1421) B + Y5, (A41)

where C; denotes the agent’s consumption, P; the competitive price of stock, S; the stock
hold by the representative agent, B; the bond holding and Y; the endowment of income
that the agent receives each period. Utility maximisation yields

Cy B = 0B [Cr 0 Bra] + 0 Be[C 7 Dy (A42)

O = 6(1+ 1) B[O (A43)

As in Adam et al. (2016), the dividend is assumed to evolve according to D?il = agd,

where loge? ~ i.i.d N(0,02) and o > 1. This implies E(c¢) =1, Eap = E <—Dt_Df—1> =
D

D1

a — 1, and o4, = var (%) = oz2(653 — 1). The consumption growth process
2D -
is modelled as C?; = acgt, where logef ~ ii.d N(0,02) and (loge$,loge?) are jointly

normal. Moreover, the standard deviation of consumption growth is set to be s¢ = %sd to
capture the lower volatility observed in consumption growth than in dividend growth; the
correlation between logef and logef is set p.q = 0.2 to capture the correlation between
dividend and consumption growth.

Given this model setup, Adam et al. (2016) then assume agents to think that the
process for risk-adjusted stock price growth contains both a transitory and a persistent
time-varying component

C,\7 P
(Ctjl) Ptjl =hte and o= b1+ & (A44)

where ¢; and & are i.i.d white noise also jointly i.i.d. with ¢ and €¢. The agents then face
a learning problem that consists in optimal filtering out the two unobserved components
from the realizations of risk-adjusted stock price growth.

On the contrary, we apply our expectation shock and limited memory assumptions
to the model setup, instead of assuming the Adam et al. (2016) mechanism based on the
two time-varying components in equation (A44) and the corresponding filtering problem.
First, rewrite the Euler Equation (A42) as an expectational difference equation linking
the current and expected future value of the PD ratio as

Civ1\ ' Diy1 P Civ1\ ' Diya
. A4
( ) ¢ ) D (Ad5)

P,
t - (SEt
Cy Dy Dy
Then, applying the approach described in Section 2, we can rewrite the solution for the

D,

+0E,
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PD ratio as (details can be found in Appendix D)

A , 1
P, =AY [ 6a1_7p6
E = (b —1 Z (5) (11 77ti> M- | + btm7 (A46)

~—

j=0
where .
wa= () () = o ) Vet (A47)
and ,
pe = Bil(efyy) Tety] = T g masenn, (A48)

The standard stable RE solution (corresponding to b; = 1) is PD} = lf%“;;lzﬁ;s.
Estimation Results. To facilitate the comparison of the quantitative performance of
the two models, we use the data are from Adam et al.’s (2016) database. The data
is quarterly US stock market data from 1925Q4 to 2012Q2. The model moments are
reported on a quarterly frequency, as in Adam et al. (2016).>" For comparability, we
set the risk aversion coefficient to v = 5 as in Adam et al. (2016), then there are 4 free
parameters to estimate, namely the growth rate of dividend «, the standard deviation of
dividend innovations o, the standard deviation of the expectation parameter o}, and the
memory constraint parameter (7 in the finite memory case or A in the decay memory
case). Again for comparability, we do not include all the above moments in the estimation
for this application, but only the one used in Adam et al. (2016), that is

(E’T57 EPD) 6-7‘57 OA_PD) ﬁPD,—17 R§7 EAD/D7 (/j-AD/D) (A49)

The Adam et al.’s (2016) model does not match the mean bond return Erb, so they drop
it from the estimation in their favourite specification. Moreover, they also drop ¢ to
avoid the near-singularity issue of the is, y matrix. Nonetheless, they report the model
implied mean bond return Erb and ¢2 based on the estimated parameters. Hence, we
proceed in the same way, again for comparability.

Table 9 reports the results. Column 1 displays the data moments (standard errors
in parenthesis), column 2 the corresponding estimated moments in Adam et al. (2016)
(see Table III therein). Columns 3 and 4 display the moments from the estimated finite
memory model and decay memory model, respectively (¢-statistics in parenthesis). Again,
there is very little difference between the finite memory and the decay memory model.
Both specifications closely match both the mean and the standard deviation of stock
return, whereas the learning mechanism in Adam et al. (2016) is not able to match. None
of the models is able to match the mean bond return pointing to the limitation of the
CRRA setup regarding the risk-free rate puzzle. Leaving aside the mean bond return, all
the t-statistics for the estimated moments in our limited memory setup have an absolute
value less than one, suggesting that the individual model moments can match the data
moments pretty well, with the only marginal exception of R? for the finite memory case

30The data are available at https://www.klaus-adam.com /published-und-forthcoming/. The original
data was downloaded from the Global Financial Database. As they consider the return predictability
at the five-year horizon, the effective sample is up to 2007Q1, and due to the seasonal adjustment, the
effective starting date is 1927Q2. All data are in real terms. Details can be found in Appendix A of
Adam et al. (2016).
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Table 9: Comparison with Adam et al. (2016)’s learning model

U.S. Data Adam et al. (2016) Finite Model Decay Model

Quarterly mean stock return 2.25 1.32 2.24 2.23
E,s
(0.37) (2.50) (0.04) (0.07)
Quarterly mean bond return E,» 0.15 1.09 1.98 1.98
(0.19) (-4.90 ) (-9.34) (-9.52)
Mean PD ratio Epp 123.91 109.66 116.92 119.96
(21.67) (0.69 ) (0.32) (0.18)
Mean dividend growth Exp/p 0.41 0.22 0.36 0.37
(0.17) (1.14) (0.23) (0.23)
Std. dev. stock return o,s 11.44 5.34 9.01 8.73
(2.71) (2.25) (0.90) (0.99)
Std. dev. PD ratio opp 62.43 40.09 54.78 54.80
(17.27) (1.33) (0.50) (0.43)
Std.dev. dividend growth 2.88 1.28 2.29 2.17
OAD/D
(0.82) (1.95) (0.72) (0.86)
Autocorrel. PD ratio ppp,—1 0.97 0.96 0.97 0.97
(0.02) (0.30) (-0.03) (-0.17)
Excess return reg. coefficient ¢s -0.0041 -0.0050 -0.0047 -0.0044
(0.0014) (0.64) (0.40) (0.19)
R? of excess return regression 0.2101 0.2282 0.2951 0.2890
i
(0.0824) (-0.22) (-1.03) (-0.95)
Risk aversion coefficienty 5 5 )
Std. dev. of expect. param oy 0.084 0.085
T 6
A 0.82
Test statistic WN 12.87 9.50 7.25
p-value of Wy 2.5% 16.7% 20.1%

The table reports the US asset-pricing moments (column 2, with standard errors reported in parentheses), the model
moments from Table IIT in Adam et al. (2016) (column 3, the t-ratios for each moment are reported in parentheses), as
well as the moments implied by the finite memory and decay memory models (column 4 and 5, respectively, the t-ratios
for each moment are reported in parentheses). Growth rates and returns are expressed in terms of real quarterly rates
of increase. The PD ratio is the price over the quarterly dividend. A t-ratio less than 2 indicates that moments are
closely matched with the data. The measure of the overall goodness of fit Wx and the corresponding p-value are
reported in the last two rows of the table. Moreover, as in Adam et al.’s (2016), we also exclude the mean risk free

rate Erb and ¢ from the estimation and set v = 5 in both models for consistency.

21



equal to -1.03. Note that R? is the only statistic for which the ¢-statistics is lower for the
Adam et al.’s (2016) model, while our model matches quite well the standard deviation
of dividend growth in contrast to Adam et al. (2016). Indeed, the overall goodness of fit
test strongly favours our model that displays p-values of 16.7% and 20.1% for the finite
memory and decay memory specifications, respectively, so that both are not rejected well
above the 10% significance level.
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